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Class-dependem¢aturesandmulticateyory classification

by Alex Bailey

The problemof patternclassificationis consideredor the caseof multicategory
classificationwvherethe numberof classesk, is greaterthantwo. Many classification
algorithmsarein fact2-classclassifiersandaregeneralisedo solve k-classproblems.
Which classifiersare naturallymulticategory andthe natureof the generalisatiorof a
2-classclassifierto k classess notofteninvestigated A thoroughanalysisof multicat-
egory classifications givenin this thesiswhich providesa new taxonomyof popular
classificationalgorithms,and goeson to derive thesefrom a probabilisticviewpoint.
A cleardistinctionis madebetweerclassifierghatpartitionthe input spaceandthose
thatpartitionthesetof k classesOf theclassifieravhich partitionthesetof classesthe
one-ofn, pairwiseandhierarchicaimethodsof decompositiorareshavn to be equi-
alentin the knowledgeof the true datadistributions. The scalingpropertiesof these
algorithmsareanalysedor increasing. Theeffectsof learningmodelson finite data
aretheninvestigatedo shaw the practicaldifferencedetweeneachdecomposition.

In classificatiorproblemswith mary classedt is commonlythecasethatdifferent
classesxhibit wildly differentproperties.In this caseit is unreasonablé expectto
be ableto summariseéhesepropertiesby using featuresdesignedo representll the
classes.In contrast,featuresshouldbe designedo represensubsetof classeghat
exhibit commonpropertiesvithoutregardto any classoutsidethesubsetThevaluefor
classesutsidethesubsemaybemeaninglesr simply undefined Themulticategory
classificatiorschemegroposedxplicitly dealwith suchclass-dependefgaturesand
attractive propertiesof theseclassifieraredemonstratedor a real-world handwritten
digit recognitionapplication.
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Chapter 1

Intr oduction

1.1 Problemoverview

In arecentreview paperJainet al. definepatternrecognitionasthe following (Jain,
Duin andMao, 2000):

Patternrecognitionis the studyof how machinesanobsenre theerviron-
ment,learnto distinguishpatternsof interestfrom their backgroundand
make soundandreasonablelecisionsaboutthe cateyoriesof the patterns.

This is a comple taskthatis aninnateability for humansihe recognitionof people
by their face,their voice, or their gait, or the recognitionof writing on a page,are
skills which peopleoften take for granted,but to designa machineto solve such
problemsposedormidableresearclthallengesOtherpatternrecognitionapplications
suchasthe diagnosisof diseasesherecognitionof aircraft,andthe cateyorisationof
consumersn market researchare examplesof moredifficult tasksfor humanswhere
we may look to machinedo aid our decisions.This interestingandchallengingtopic
hasrecevedawealthof researchnterestsincethe useof electroniccomputersn the
19505 andstill todayremainsavery active researctarea.

Therearemary aspect®of patternclassificatiorthatarestill openresearcHields
from learningtheoryandmodelcombination to featureextractionandfeatureselec-
tion. Interestingly multicategory classifications oftenoverlookedasa researchopic
in its own right, shavn by its absenceén Jain,Duin andMao (2000). Thisthesiscovers
the field of multicategory classificationwhich involvesthe classificationof patterns
into afinite setof classesvherethe numberof classess greaterthantwo, andstudies
the effectsfor a subsef multicateyory classifiersasthe numberof classesncreases
significantly The problemsbeingaddressearefirstly the fact that currentmethods

1



CHAPTER1. INTRODUCTION 2

in multicategory classificationareunrelatedandseldomcompared.This is addressed
via a probabilisticformulation by which equivalenceshetweenimportantalgorithms
canbe showvn, andalgorithmscanbe clearly placedin a novel taxonomy This then
highlightssimlaritiesanddifferencesetweenalgorithmsto allow ananalyticalcom-
parison. Secondlythe generalisatiorof a binary problemto a multicategory problem
is often consideredo be a simple extensionwhere one classis discriminatedfrom
the setof all otherclasses.This is but onemethodof generalisinga binary problem
andalternatve methodsare broughttogetherandcomparedn this thesis. Within this
framework, the novel conceptof class-dependerieaturesis investigatedand shovn
to reducethe numberof featuresusedin multicategory classificationwithouta lossin
accuray.

Severalexisting popularclassificatioralgorithmsareinvestigatedn termsof their
ability to discriminatemary classesThelack of scalabilityof multi-layerperceptrons
for problemsof mary classess amguedandthelack of cohesiorbetweerthe different
algorithmsis highlighted. The heuristic natureof decisiontree classifiersand the
combinationof submodelsn pairwiseclassifierss alsoquestioned.

In responseo theseproblemsa novel formulation of Bayesrule for statistical
patternclassifications giventhat makesthe conditioningon the input spaceandthe
set of classesexplicit. This then allows the clear distinctionto be madebetween
multicategory classifiersthat solve the problemof mary classesby partitioning the
input space,and multicateyory classifiersthat partition the setof classes. A novel
taxonomyof theseclassificationalgorithmsis given that makesthis cleardistinction
betweeninherentmulticategory classifierssuchasthe k-nearesineighbourclassifier
andthe decisiontree classifierthat partition the input space inherentmulticategory
classifiersthat partition the set of classes,and inherent2-classclassifierssuch as
linear discriminantsand generalisedinear discriminants(see Chapters2 and 3 for
further detailson theseclassifiers).Known classificatioralgorithmsthat partitionthe
setof classedo solve classificationproblemsby a combinationof binary classifiers
arethenclearly placedin this taxonomy Theseareknown asthe one-ofn classifier
the hierarchicalclassifier andthe pairwiseclassifierand are groupedunderthe term
class-decompositiodlassifies. They differ in the numberof binary subproblemsnd
the methodusedto combinethe outputsof eachbinary subproblento give the final
multicategory classificationoutput (detailsare given in Chapter4). Theseare then
analysedn their scalability for problemswith mary classesn termsof the number
of submodeldo train, the training compleity of eachsubmodelandthe numberof
modelsevaluatedduring classification.
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Oneof the mostimportantresultsof this new taxonomyis the cleardistinction
betweena decisiontree classifier and a hierarchicalclassifierthat combines2-class
subproblems. Thesetwo classificationalgorithmsare very similar in nature; they
both rely on a hierarchyof decisionproblemsandtake adwantageof the fact that a
comple problemcanbe brokendown into a setof simplersubproblemsBut they are
distinctandthe fundamentablifferencesareshavn in Chapter4. Much researcthas
concentrate@n suchtree-basedlassifiersput this novel distinctionis not addressed.

Theprobabilisticframenork is thenusedto analyseheclass-decompositiocias-
sifiers. Statisticalpatternclassificatioris a branchof patternclassificatiorthatuseshe
well-foundedfules of probability, andin this context a stepin decidingthefinal class
outputis the estimationof a vectorof posteriorprobabilities. The threemostpopular
classdecompositiorclassifiersnamelythe one-ofn, hierarchical,andpairwiseclas-
sifiersarederived suchthatthey generatehe correctposteriorprobabilities,andare
shawvn to be equivalentwhenthe requiredprobability densitiesare known perfectly
Suchperfectknowledge arisesin the hypotheticalsituationwherethe datausedto
estimatethe probability densitiegs infinite.

However, for finite datasetsissuesof generalisatiomndmodelcompleity arise
whenlearningeachsubmodein a classdecompositionlt is shovn in Chapter4 that
thereare two fundamentakcomponentdo the compleity of the submodelsn class
decompositiortlassifiersTheseare:

e the compleity thatarisesfrom the boundarythatdividesary two classegrom
eachother and

e thecompleity thatarisesfrom discriminationbetweermary classes.

Althoughthefirst components fixedfor agivenapplicationdatasettheseconds
affectedby the choiceof the classdecompositiorandcanincreasewith the numberof
classes.The one-ofn classifierintroducescompleity thatincreasesvith the number
of classesThe pairwiseclassifierhasthe mimimumcompleity thatis constanfor an
increasinghumberof classesThe compleity introducedby the hierarchicaklassifier
is controlledby the choiceof the classhierarchyandcanbe minimisedby the suitable
identificationof this classhierarchy

It is interestingto considerthe simpleandimportantlinear discriminant,andthe
effect of usingsuchlinear modelsasthe submodelsn the classdecompositioralgo-
rithms. Kressel(1999)concludeghat pairwiselinear classifiersdesere furtheratten-
tion dueto ‘good recognitionresultswith extremelylow classificatiorrequirements’.
The pairwise, hierarchicaland one-ofn decompositionaising linear classifiersare
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thoroughlyinvestigatedn thisthesisn Chaptergl and7. Thepairwiseandhierarchical
decompositionareshovn to work well usinglineardiscriminantsor eachsubmodel,
while theone-ofn decompositiomlegradesseriouslyfor problemswith morethantwo
classesThisis dueto thecompleity introducedbetweermary classe®y theone-ofn
decomposition.

Eachdecompositiorhasotheradvantagesanddisadwantagessuchasthe number
of submodeldo train andthenevaluateduring classification. The pairwiseclassifier
suffersfrom having to trainanumberof modelsin theorderof k? wherek is thenumber
of classesyhereaghe one-ofn andhierarchicalneedonly train k, andk — 1 models
respectrely. But the designof the classhierarchyfor the hierarchicalclassifieris not
trivial. Techniqgueghatattemptto solve this problemarepresentedn Chapters.

Onesignificantadvantagdo thehierarchicamodelis that,of thek— 1 submodels,
in somecaseonly log, k modelsneedto be evaluatedto find the maximumposterior
probability. A principledmethodfor selectinghemodelsto evaluateis givenin Chap-
ter4. Also theclasshierarchyoffersamoretransparentodelvia interpretatiorof the
classsubgroupingsAn exampleof thisis givenin Chapter7 onremotesensingdata.

A directresultof the classdecompositioralgorithmsis thatfeatureselectionmay
be donelocally for eachsubmodel. Work in parallel with the work in this thesisis
presentedn (Oh, Lee and Suen,1999), wherethe effect of suchfeatureselectionis
investigatedor theone-ofn decompositionwhichwasshown to give animprovement
in classificationaccurag whencomparedo usingthe sameglobal setof featuresfor
eachsubmodel.The motivationbehindsuchlocal featureselectionis givenby inves-
tigating the class-dependematureof features.Class-dependeriieaturesare defined
and shavn to occur naturally in typical classificationproblemsin Chapter6. In a
recentreview paperon automatichandwritingrecognition(Plamondonand Srihari,
2000), the authorsuggestghat for structuralapproacheso handwritingrecognition
to be effective, a classifierwill have the propertythat ‘the numberof featuresusedto
describea classof patternsmay vary from oneclassto another’. This is exactly the
propertythatis beinginvestigatedn thisthesisalthoughunfortunatelyit is beyondthe
scopeof this thesisto studystructuralhandwritingrecognition.A statisticalapproach
to handwritingrecognitionis presentedh Chapter7 which shavs thatthe useof class-
dependenteaturess advantageousor all threeclassdecompositioralgorithms.

To shaw evidencefor thetheorypresentedn the thesisa numberof experiments
on simulatedandreal-world datasetredescribedn Chapter7. Thereal-world datais
takenfrom thefield of handprinteddigit recognition. Theseshaw favourableresults,
anddemonstat¢hatfor linearmodelsthe pairwiseclassifieris by farthemostaccurate
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classifier followed by the hierarchicalclassifierandthenthe one-ofn classifier The
accuray of the classdecompositionclassifiersis comparedusing local and global
featureselectionshaving that local feature selectionresultsin better classification
performancdor fewer featuresselected.For non-linearmodels,multi-layer percep-
tron classifiersare usedand in this casethe classificationaccurag for eachclass
decompositiorbecomesapproximatelyequialent,but with the hierarchicalclassifier
performingmaiginally better The advantage®f local featureselectionstill remain.

The concludingremarksstatethat when solving a multicategory classification
problemof mary classesalthoughthey are asymptoticallyequialent, hierarchical
and pairwiseclassifiershave a considerableadwantagein termsof classificationper
formanceover traditional one-ofn classifierswhen using either linear or non-linear
submodels. Featuresshould be selectedindependentlyfor eachsubmodelleading
in simpler modelswithout loss of accurag. The hierarchicalmodelis particularly
adwantageousinceit hasthe fewestsubmodelsandthe complexity of the submodels
canbe controlledby indentifyinga suitableclasshierarchy

1.2 Thesisoutline

A chaptetby-chaptersummaryof the thesisis givenin this section. The thesisis
dividedinto eightchaptersncludingthisintroduction.

Chapter2 definesconceptentralto statisticalpatternclassificationnamelythe
definition of featuresand classesand describegdiscrimination,generalisationand
regularisationin patternclassification. StandardstatisticaltechniquesuchasBayes
rule andlineardiscriminantsaredetailedon which later chaptersarebuilt.

Chapter3 goeson to investigatethe previous researchon multicategory classifi-
cationincluding one-ofn, pairwise,the varioustypesof decisiontree classifiersand
hierarchicalclassifiers. The lack of a commonframework for multicateyory classi-
fication is highlighted. Although thereis little researchdirectly on class-dependent
featuresrelatedresearchs describedhat hassimilar motivations. Hierarchicaland
pairwiseclassifiersare notedfor their compatibility with the class-dependetieature
paradigm.

Chapterd thenlays down a probabilisiticframevork underwhich popularmulti-
catagyory classificationalgorithmscan be derived accordingto whetherthey partition
theinput spaceor the setof classesThis leadsto a novel taxonomyof multicategory
classification.In this chapteran equivalencebetweerthe one-ofn, pairwiseandhier-
archicalclassdecompositiorclassifierss shavn andthe differencebetweendecision
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treeclassifiersandhierarchicaklassifierss madeexplicit. Thescalabilityof thethree
algorithmsis shavn for increasingproblemsizes,andtwo forms of compleity in a
multicateogryproblemaredistinguishedThepairwiseclassifielis shovn to reducethe
compleity dueto mary classesthe hierarchicalklassifiercancontrolthis compleity
throughdesignof the hierarchyandthe one-ofn classifiermaximiseghis complexity.

In Chapter5 the necessargtructureidentificationtechniquesare describedor
the hierarchicalclassifier Performancametricssuchas classificationaccurag, and
approximationsuchasthe Euclideandistancebetweenclassmeansare shovn, and
top-dawn, or bottom-upclusteringmethodsaredescribedThe structureidentification
is alsoformulatedas a discretesearchwhich is enableddue to the finite numberof
nodesin the classhierarchy Efficient operatordor combinatorialotimizationarede-
scribedthatreducethe costof retrainingwhenusingclassificatiorratesasanobjective
function.

Chapter6 definesandexploresthe novel conceptof class-dependeffiéaturesas
relatedto the statisticalindependencef the featureand the classvariable,given a
subsetof classesand relatesit to existing work. Illustrative examplesfrom real-
world applicationsareshavn andthe novel distinctionbetweerstrongandweakclass
dependences defined.Localandglobalfeatureselectiormethodsaredescribedor the
class-decompositiodlassifiersusingmotivationfor class-dependerigatures.Classi-
fiersusinglocal featureselectionareexpectedo usefewer features.

Chapter7 describesxperimentson real and simulateddatato confirm predic-
tions madein previous chapters,with the experimentalresults. Firstly the object-
orienteddesignof the software usedto carry out the simulationsis described.Then
the classificatioraccurag of the class-decompositiomodelsis shovn asthe number
of classesncreasausingbothlogistic linear discriminantsandmulti-layer perceptron
classifierdor eachsubmodel Theone-ofn classifielis shovn to scalebadly, while the
hierarchicalandpairwisemodelsareshowvn to scalewell. Thenthe classificatiorrate
for all threesubmodelss showvn to be consistentlybetterfor fewer featuresselected
usinglocal featureselectionwhich makesuseof class-dependeifi¢aturemetrics.

Chapter8 concludeswith a discussionof the work presentedand avenuesfor
future researchn this area,particularlyin the reductionof the numberof modelsin
the pairwiseclassifierandthe analysisof strongclass-dependeiféatures.

1.3 Contrib utions

Themaincontritutionsof thiswork aredetailedbelow.
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¢ Novel taxonomyof multicategory classificatioralgorithms(Sectior4.2).

e Probabilisticformulation of multicategory classifiersand equivalenceanalysis
betweermodels(Sections4.1t0 4.5).

e Analysisof scalabilityof one-ofn, pairwiseandhierarchicamulticateyory clas-
sificationmodels(Sections4.6to 4.8) with experimentalkvidenceon simulated
data(Section7.3).

e Principledapproacho computationallybeneficialapproximationgo hierarchi-
cal classifier(Section4.10.2).

e Definition and analysisof strongand weak class-dependerfeatures(Section
6.1) with experimentalevidenceon real-world datafor weak class-dependent
featuresxtendingthe work of Oh, LeeandSuen(1999)(Section7.6).

1.4 List of publications

T.J.Dodd, A. Bailey andC.J.Harris (1998). A datadrivenapproacho sensommod-
elling, estimation trackinganddatafusion. In M. Bedworth andJ. O’Brien, editors,
EuroFusion98 pagesl03-111.

C.J.Harris,A. Bailey andT.J. Dodd (1998). Multi-sensordatafusionin defence
aerospaceTheAernauticalJournal, 102(1015):229-244.

A. Bailey andC.J.Harris(1999).Usinga hierarchicaklassifierto exploit context
in patternclassificatiorfor informationfusion. In Proceeding®f the 2nd Confeence
on InformationFusion(FUSION99) Sunryvale,CA, pp. 1196-1203ISIF.



Chapter 2

Featuresand classedor pattern
classification

This thesisis concernedwith patternclassification. A patternis a pair of variables
(Schurmann1996):

Pattern= [x, ],

wherex € RY is avectorof obsenations,andw € Q is a labelthatrepresentsmean-
ingful conceptin the problemdomain. For examplex may be the digital imageof a
face,or of a handwrittencharacteror the digital recordingof a spokenword, and w
may representipersonalletterof thealphabetpr aword, respectiely.

Patternclassificationis a mappingfrom x to w. It is mostoftenassumedhatthe
obsenationvectoris of fixedlength,d, andthatQ is a setof classlabelswy for finite
i =1,...,k. This constrainghe problemin sucha way thatallows machinelearning
algorithmsto attemptto solve the problem. Normally a modelis specifiedby usinga
setof known obsenationandlabelpairsto definethe modelstructureandparameters.
This setof patternsis known asthe training set, or training sample. A similar but
differentsetof patternds the usedto evaulatethe classificatioraccurag of themodel.
thisis known asthetestset,or sample.

To reliably distinguishbetweerclassesheremustbea certainamountof discrim-
inatory informationpresentn the obsenations. A simpleexamplebeing, if the task
wasto distinguishbetweernmagesof thehandwritterietters'a’ and‘'b’, thenapossible
modelwould beto simply measuréeheir heightanddesignaterything above a certain
heightasa ‘b’. However, thereis muchvariationin the heightof handwrittenletters
so this systemwill be ratherinaccurate.To aid the decision,a vertical stroke could

8



CHAPTERZ2. FEATURESAND CLASSESFORPATTERN CLASSIFICATION 9

be detectedbn the left of the letter andthenthe two measurementsombinedbefore
decidingwhattype of letterit is. The extra discriminatoryinformationin the second
measurememnwill mostlikely increaseheaccurayg of theclassificatiorsystem.There
will still besomeconfusionovercertainimagessomoremeasurementsill haveto be
taken,andperhapsvith amoresophisticateaneasuringechnique Problemswill arise
if too mary measuremeniaretakenon a smallpopulationsample andthis, known as
‘the curseof dimensionality’,is an extremelyimportantissuewhich affectsthe size
andcompleity of modelsandconsequentlyheir learningability. This stateghatwith
finite training samplesarbitrarily increasinghe numberof measurementsanleadto
aneventualdeclinein the overall classificatiorperformance.

The concepbf featuress alsodescribedn this chapter A featuremaybe simply
a measurementn a object, or a combinationof measurementsn an object. The
processesf featureselectionandfeatureextractionaredefinedanddistinguished.It
is therelationshipsetweernfeaturesandclasseghatis primarily of interesthere,the
restrictionthat a featureshouldbe applicableto all classeds beingrelaxedto allow
featuresto expresslyrepresensubsetf classeswithout requiring the value of that
featureto be meaningfulfor classe®utsidesuchsubsets.

Thisthesispresents novel taxonomyof multicategory classificationwhich states
thata mary-classproblemshouldbe approachedby eitherpartitioningtheinput space
R, orthesetof classe®. It is shovn thatwhendecomposin@ thedistinctionbetween
certainclassess bestdescribedy anindividual featuresetfor eachindividual subset
of Q. Centralthemesn patternclassificatiorarelaid down in this chapterto definethe
issueghatareimportantto thediscussiorin laterchapters.

2.1 Classconceptsand obsewvations

It shouldbe notedherethat classlabelsrepresentrbitrary conceptsandthereis no
reasonbeyond commonsensethat the classlabelsshouldrepresentiny meaningful
categorizationof the problem.It would of coursebeillogical to try andsolve amean-
inglessproblem,and mostclasslabelswill in factrepresentneaningfulanddistinct
conceptsthoughclassconceptshouldnot bethoughtof asformally distinguishable.
This thesisconsiderddisjoint classconceptssuchthat any obsenation canonly
truly belongto oneclass.Thereis asetof valid problemsby whichanobsenationcan
belongto morethanoneclassconcepiat atime. Fuzzyclassificatiorandprobabilistic
classmixture estimationcanaddressuchproblemsof overlapbetweerclassconcepts
but this is a differentproblemandis not consideredn this thesis. A discussionof
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causality

face
identity

Figure 2.1: Classificatioris aninverseof the complex procesof obseration

Y

fuzzy classificationandits relationshipgo statisticalpatternclassifications givenin
(Manslawv, 2000).

An illustrative example,if eachobsenationx representednimageof afacethen
Q mightbeasetof employees,or theset{male femalg, or eventhe setof thetwelve
signsof the zodiac. Eachof thesein theoryarevalid classificationproblemsexcept
thatin practiceit would be difficult to tell someones starsignby looking at theirface,
due to the fact that therewill be little correlationbetweenthe classlabelsand the
obsenations.Thisis dueto the poordesignof theclassificatiorsystenthrougha poor
choiceof inputs. It mayalsobethe casethattwo of theemployeesareidenticaltwins
where,althoughto a lesserextent, therewill be ambiguityin the problemdefinition.
This is the result of the more fundamentalproblemthat patternclassificationis an
inverseprocessThisis illustratedin Figure2.1. The procesof obsenationis amary
to mary mappingandits inversemaybeambiguouslt followsthatfor someproblems
theobsenationswill notbesufficientfor perfectclassification.

Evenif theclassconceptsaredefinedwisely theremaybeambiguityimposedoy
the obsenationalprocesslf a systemis to classifyobjects,it mustbe ableto obsere
them. Obsenation canbe anincredibly complicatedand uncertainprocesswhich in
itself accountsor mostof the problemsin patternclassification.Obsenationsarea
resultof acomplex non-linearcombinationof threetypesof information:

e theobsenablepropertieof theobjectitself,
e theobsenationalconditions,and
e ary noiseeffectsresultingfrom the measuremerdevice.

The obsenable propertiesare what one hopesto measureandthis would be a
persons face. The obsenationconditionswill affect how the faceis obsered,it may
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Figure 2.2: Modelfor statisticalpatternrecognition,from (Jain,Duin andMao 2000)

be dark, or the personmay be covering his facewith a hand,sunglassesr anitem of

clothing. The cameramay introducemeasurementoiseby electromagnetimnterfer

enceor simply by poorfocusingor insufficentresolution.All thesewill have aneffect
onthefinalimagesuppliedto theclassifierandit is thetaskof theclassificatiorsystem
to copewith theseeffects. A broadoutline of how a classificationsysteminfers the
classlabelfrom suchanobsenationis givenin the next section.

2.2 A typical classificationsystem

The classifieris oneof several processe# the classificationsystem,albeit the most
importantprocessbut thereare other processeshat are typically undegonebefore
informationis fed to the classifier

To minimise the noiseintroducedin the obsenationsone might designan ap-
propriatephysicalsystem for exampleensureadequatdighting, usea camerawith a
suitablelevel of imagedetailetc. And oncethe obsenationshave beenrecordedthen
thesearepresentedo theclassificatiorsystemwhich cantake furtherstepgo minimise
the effects of the inevitable measuremennoise that hasbeenrecorded. A typical
statisticalpatternclassificationsystemis shovn in Figure 2.2 (Jain, Duin and Mao,
2000). Thefirst stepis usuallyknown aspre-processingndinvolvessuchprocesses
asfiltering to reducethe measurementoiseandnormalisatiorto reducethe variance
dueto the obsenationalconditions.More sophisticatedlimensionreductionmethods
suchas principle componentanalysis(PCA) may be usedto reducethe numberof
dimensionsn theinput vectorvia an eigenspacéransformation.This will resultin a
pre-processehput vector

Whentrainingaclassifiethefeaturesanthenbeextractedirom thepreprocessed
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input vectorto give a featurevector Thenthe mostappropriatefeaturesare selected
andthe reducedeaturevectoris input to the classificatiorsystemfor learningwhich

will calculatethe outputerrorandadaptthe modelparametersWhenclassifying,the

setof featuresaremeasuredor calculatedaccordingo theoptimumsetchoserby the

featureextractionandselectionprocessesThe classifiercanthenevaluateits output
accordingto themeasuredeatureset. Theseandrelatedconceptsaredescribedn the

following sectionsalthoughspecificdetailswill dependon theapplicationproblem.

2.3 Features

In a patternclassificationproblem,featuresare generatedy functionsof the raw or
pre-processetheasuremerdata. Thesedunctionsare calledfeature extractors. The
featureextraction processmay be comple tranformationsof the measuremendata
suchasthe Fouriertransform,or a simplecopying of the measurementalues.

Whendesigninga machinelearningsystem thereis alwaysa trade-of between
the compleity of the featureextractorsandthe compleity of the classificationalgo-
rithm. If simplefeatureextractorsareusedfor a complex problemthenthe classifier
will needenoughcompleity to learnthe classconceptdrom thesesimple features.
However, if complec featureextractionprocessesreusedthatallow for mostof the
complity of the problem,thena simpler classificationalgorithmmay be sufficient.
Usually prior knowledgewould be neededo designcomplex featureextractorsthat
adequatelyepresentheproblem.

An illustrative example which will be returnedto thoughoutthe thesisis the
handwrittendigit recongitionproblem. Two pre-processedigits areshown in Figure
2.3. In this casethe raw pixel valuesmay be presentedo a classifier but a comple
classifierwould be neededo be ableto accuratelyclassifythedigits asno application
knowledgehasbeenfed into the problem.

Alternatively, application-specifideature extractors,in this casesophisticated
techniquedo detectioopsandlines, or estimatethe slantandcurvatureof the strokes
in theimagecouldbedesignedThenthe classifierdesignwould be matterof defining
a simple rulebasethat classifiesdigits accordingto thesehigh-level features,which
may evenbepossibleto do by hand.

The trade-of is betweenthe humandesigneffort and the amountof learning
expectedof the machine. In the first casethe machineis expectedto learnall the
invariancesof the raw dataand completelyparameteris¢he problemin sucha way
thatit canbe solved. In this casethe machineis effectively learningfeatureextractors
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Figure 2.3: An exampleof a digitisedhandwrittendigit with andwithout aloop

internally. In the secondcase muchprior knowledgeis beingusedto designfeatures
suchthatthey incorporateknown invariancesandextractthe informationalcontentof
theraw data.

This tradeoff is importantin this thesissincetranspareng andprior knowledge
areof interest.If we expectthemachineto learneverythingabouttheproblem- if such
ataskis tractablethenit is oftenthe casethatthe solutionof the problemgetslostin
the parametersf the systemandlittle insightcanbe gainedasto how the problemis
beingsolved. Also in mostreal-world problemgherewill beabaseof prior knowledge
thatcanbeincorporatednto the systemwhich shouldbe usedwheneer possible.

Another important property of featuresis the associateccost of evaluatinga
feature. The costmay be in the time taken to calculatethe numericalvalue of the
featurefrom raw data,therisk involvedin measuringhefeature or eventhemonetary
costof measuringhe feature. This will dependon the applicationandin somecases
it is importantto minimisethis costandto evaluatethe smallesthumberof features
possiblewhenmakinga classificationdecision. It is shavn in Chapters4 and7 that
the hierarchicalmodelis particularly efficient in reducingthe numberof featuresto
evaluateduringclassificationwhich canalsoresultin amoreinterpretablenodel.

Someexampleapplicationsare:

e Time-critical systemswvherethe time takento evaluatecomplex featuresneeds
to bereducedo aminimum.
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e Medical systemswheremeasuringa featuremay involve costly tests,or even
sulgery.

e Pharmaceuticakesearchnvolving theidentificationof molecularcompounds.

¢ Stratgic defencesystemsvheremeasuringafeatureusinganactive sensosuch
asradarinvolvesarisk of beingdetected.

e Marketinganalysiswheremeasuringa featureinvolveslarge-scalesurweys.

In thesesituationsthe needto reducethe numberof featuress morecritical than
thepossibleeffectsof the curseof dimensionalityandfeaturereductiontechniquesre
important.

2.3.1 Feature extraction and feature selection

Featureextraction and feature selectionprovide an importantrole in classification
problemsin reducingthe compleity of a classifierand reducingthe overall cost of
featuremeasurements.

Featureextractionis the transformationpr combination of inputsbasedirectly
on theraw datato provide more meaningful,abstractandconcisefeaturesor useby
the patternclassifier This may involve a simpletransformatiorof the whole datafor
datacompressionsuchasprinciplecomponentinalysisor acomplex domainspecific
processsuchas locating geometricfeaturessuchas the eyesin a facerecognition
task. Several distinct featureextraction processesnay be appliedto the raw datain
parallelto generatea vector of features. The importanceof featureextractionis to
condensanaximally usefulinformationfrom the raw dataavailable,while retaining
thediscriminatoryfeatures/attribtes.

Alternatively, featureselectionis the processof choosingthe minimum set of
theavailablefeatureghatprovide the maximumdiscriminationbetweerclassesvhen
presentedbo thepatternclassifier Thesefeaturesnaybethosegeneratedrom afeature
extraction processthe raw dataitself, or a mixture of the two. The importanceof
featureselectionis to selectonly thosefeatureghatarerelevantto the decisionbeing
made. For example,in the handwrittendigit recongitionproblem,if the pixel values
wereto be usedasfeaturesthenfeatureselectionwould concentraten the pixelsin
themainbodyof theimageandignorethe uninformatve pixelsaroundthe extremities
of theimage.

Patternclassificationis known to performbestusingthe minimal setof features
thatcontainthe maximuminformationrelevantto the problem.
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2.3.2 Invariance

Invariances averyimportantconceptregardingfeatureextraction. Whendealingwith
a setof objectsfrom a singleclassi,it is reasonabléo expectsomevariationbetween
the propertiesof the individuals,althoughtherewill be propertieswhich areinvariant
for all the individualsin that single class. For exampleif the classificationtaskwas
to classify a selectionof shapednto the threeclasses{circle, triangle squaré, then
all the individuals might vary in their size and orientation. However the numberof
verticesis invariantfor all membersf the sameclass. Sincethe numberof vertices
variesbetweemmemberof differentclassest would make agooddiscriminantfor the
threeclassproblem.

Assumingthatwe do have meaningfulanddistinctclassconceptsit is the notion
of invariancethat shouldbe capturedin a particularfeatureextractiontechnique.A
featureshouldbe invariant,thatis insensitve, to propertiesof the measurementshat
areirrelevantto the problem.For example,in objectrecognitionwe arenotinterested
in the size or orientationof the objectin the image. The featureextractorsshould
thereforebe scaleandrotationinvariant. Certainimageprocessingechniquesuchas
theFouriertransformareknow to betranslationnvariant,andthis would make agood
featureextractorif the degreeof translationof animageis a propertyof themeasuring
device or obsenationalconditions,andnot a propertyof the problemwe aretrying to
solve. An earlierexamplesuggestedhe heightof a handwrittencharacteishouldbe
usedto distinguishtheletters'a’ and‘b’. But thiswill not be scaleinvariant.A better
featurewould be the ratio of width to height,calledthe aspectatio, sincethis is now
scaleinvariant.lt is easilyseenthatthe aspectatio would not be a goodfeaturewhen
discriminatingtheletters'a’ and‘e’ sincethey will typically have similar values.

A featureshouldalsohave within-classinvariance suchthatthe valueof thefea-
tureis invariantfor all pointstakenfrom a singleclass.If thereis a smallwithin-class
invarianceanda large inter-classvariancethenthatfeatureis a gooddiscriminantfor
the problem. For the purposeof this thesis,which dealswith classsubsetsit is also
importantto considerpropertieswhich areinvariantfor setsof classesFor example,
thesetof digits{'0", ‘6", ‘8’, ‘9’} hasa smallwithin-setvariancefor theloop feature
sinceall thedigitswithin it containaloop. However, theloop featurewould begoodat
discriminatingthiswholesetof classe$rom anothersetof classesuchasthe‘straight
line’ numberssuchas{'l’, ‘4’, ‘7’}.
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2.4 Discrimination

Thetaskof a classifieris to discriminatebetweerthe classes.Discriminationis ulti-
matelyachiezedby placinga decisionboundarybetweemnpointsin featurespace This
decisionboundarymay be explicitly representedby a parametricform, suchasin a
lineardiscriminantor indirectly throughthe parameterisatioof theclassdistributions
usedto estimateposteriorprobabilities. Other non-parametriclassifierssuchask-
NearestNeighbourtechniqueslo notexplicitly describeadecisionboundarybut it can
be seenthatthe effective boundaryis a fine-grainedessalatiorof regionsaroundthe
setof storedrepresentatie pointswhenk = 1. SeeFigures4.5and4.6 for examples
of decisionboundariesn multicategory classification.

This thesisis concernedprimarily with statisticalpatternclassificationand the
estimationof class-conditionadlistributionswhich leadto parametricdecisionbound-
aries,or so calledsemi-parametricasessuchasmulti-layer perceptronsAs with all
learningsystemsclassifiersaregovernedby thelaws of learningtheoryandthe most
importanttermsareexplainedin the sectionbelow.

2.4.1 Bias,variance,generalisationand regularisation

Generalisations the mostimportantconceptin machinelearninganddatamodelling

(Bishop,1995). A modelmustbe ableto learnrelationshipsetweenthe inputsand

outputsin the training dataand then be able to make predicitionson unseendata.
Generalisatiofs theability to extractthe‘essencedf the problemwithoutlearningthe

specificsof thetrainingsample.Rotelearningis anexampleof avery badgeneraliser
sincenew problemscanonly be solved if they have beenseenbeforein exactly the

samemanney thatis if they areto be foundin the training set. The otherextremeis

anover-generaimodelthattreatsall input samplesasthe same andoutputsa constant
value. In the presenceof finite data, good generalisations achiezed by a balance
betweermodelbiasandmodelvariance .Regularizationis atechniqueto improve the

generalisatiombility of amodel. Thesetermsareexplainedbelow.

In datamodelling, bias and varianceare conflicting propertiesof a model con-
cerningits flexibility. A modelis saidto exhibit high model biasif it hasa rigid
inflexible structure suchasalinearmodel(seeFigure2.4). A flexible modelsuchas
onebasedn nth-degreepolynomialsis saidto have lessbias,asit is flexible enoughto
fit to mary moreproblems.However, aflexible modelwill inevitably have high model
variancesinceit canvary its structureto fit itself too closelyto the dataresultingin
poorgeneralisatioriseeFigure2.5). Also the numberof featuresn thefeaturevector
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Figure 2.4: A linearmodelexhibiting high biasandlow variance

hasan effect on the generalisatiorperformancesincefor mostparametricclassifiers
the numberof parametersncreasesvith the numberof features.A large numberof
parametersneansa moreflexible modelandthe chanceof overfitting is higher

Reagularisatioris atechniqueo overcomehighvarianceby constraininghemodel
in someway. A simple and elegantsolutionis to constrainthe modelto have low
cunvature(seeFigure2.6). Thisis in effect statingthe requirementhatsmallchanges
in themodelinputsshouldleadto smallchangesn themodeloutput. Thisis asensible
requiremenfor goodgeneralisation.

Regularisationis alsoaform of applyingprior knowledge.FromaBayesiarview-
point, specifyingconstrainton the systembeforeexposingit to arny datais equivalent
to imposingprior knowledgeuponthe system.

Whencomparingthe performancef differentclassificatioralgorithms the clas-
sification rate is the most representafie measureof accurag. In other words the
percentageof correctclassificationson a sampledataset. However this mustbe a
comparisorof generalisatiorability. This simply requiresthatthe classificatiorrates
guotedmustbe performedon unseerdatasampleshathave notbeenusedin thetrain-
ing or designof the classifier But for someapplicationst is not alwaysthe accurag
which is the dominatingfactorin choosinga classifier Issuessuchastrainingtime,
classificatiortime, storagerequirementsandinterpetabilitycanbe importantenough
to usea classifierwith anaccurag lessthanthe stateof theart.



CHAPTERZ2. FEATURESAND CLASSESFORPATTERN CLASSIFICATION 18

f(x)

X

Figure 2.5: A non-linearmodelwith low biasandhigh varianceover-fitting the data

2.4.2 Effectsof largesetsof classes

Thereis a significantdifferencebetweera 2-classclassificatiorproblemandak-class
classificationproblemwherek > 2. A 2-classor binary problemis specialbecause
it canbe representedby a singleinequality This canleadto a simplerprobleman-
alytically andis the preferredproblemfor classificationdesign. Many classification
algorithmsare describedin termsof a binary decisionproblem, since the general
caseof m classeds assumedo be a trivial extensionof a two classproblem. This
assumptions challengedn this thesisandthe effectsof discriminationbetweenarge
setsof classesreaddressed.

Thereareseveralwaysof convertinga k-classprobleminto a setof 2-classprob-
lems. They have their advantagesand disadwantagesandthe mostcommonmethods
aredetailedbelow:

e one-ofn outputencoding:Eachclassis in turn discriminatedagainsia setof all
the otherclasses.A total of k modelsarelearnt. Model outputsare compared
directly andthe classfor the modelwith the highestoutputis chosen.

¢ Pairwiseclassification:Eachclassis discriminatedagainstachotherclasssep-
arately A total of k(k— 1)/2 modelsare learnt. Model outputsare combined
additively and the classwith the highestoutputis chosen. (Jia and Richards
1998;Kressel1999)

¢ Hierarchicalclassification: The setof classess split into left andright subets
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Figure 2.6: A flexible modelwith constrainedurvaturereduceshevariance

which are discriminatedagainst,the subsetsare thensplit recursvely into left
and right subsetsuntil all classeshave beendiscriminated. A total of k— 1
modelsarelearnt. Model outputsare multipled andthe classwith the highest
outputis chosen(SchuermanandDoster1984).

The numberof featuresthat canbe effectively usedat eachstagemay vary de-
pendingonthealgorithm.Issuesarisewhenthenumberof classesncreasesuchasthe
numberof modelsto belearntandthe compleity of thetreestructurefor hierarchical
models.Thesessuesareaddressedllly in Chapter.

2.4.3 The number of features

With a small numberof featurestherewill be imcreasedambiguity at the decision
boundariesn featurespacelt is expectedthatthe datapointsfor separatelassewill
overlapseverelyin featurespaceunlessthe few featuresrepresentll the discrimina-
tory informationfor theproblem.With mary featuregshedimensionalityof thefeature-
spacewill increaseleadingto ageneraincreasen distancedetweemoints,(anatural
propertyof high-dimensionaspaces)eadingto low datadensity However problems
will arisefrom learningmodelsin high dimensionalspacesf thereareinsufficient
trainingsamplego learnfrom. This effectis describedn the next section.
Thecurseof dimensionalityis known by severalnamesHughes’phenomenomr
thepeakingphenomenonA discussiorof the peakingphenomenois givenin (Trunk,
1979).Hughes’phenomenois describedhere,but theideais essentiallythe same.
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2.4.4 Hughes’'phenomenon

In his 1968 paper Hughesanalysedhe meanaccurag of two-classpatternclassifiers
with discrete-aluedfeaturevectors(Hughes,1968). The meanaccurag is formu-
latedin termsof the dimensionalityof the measurementectord, the numberof data
pointsandthe prior probability of oneof the classesThe meanaccurag is written as
Per(d,n, P(wq)) wheren is thenumberof datapoints,andP(w; ) is theprior probability
of classw;. Hughesshavedthatin the caseof infinite data,increasinghe numberof
measuremeniacreaseshemeanaccurag asymtoticallyto its maximumvalue,which
depend®n the prior probabilities.

However, in the usualcaseof a finite numberof datapoints, it wasshavn that
thereis anoptimalmeasuremerdimensiond afterwhich the meanaccurag beginsto
drop. The optimumdimensionof the measurementectoris afunction of the number
of datapoints,increasingwith greateivolumesof data.

This is now a well known effect in machinelearningand is known as either
Hughes’phenomenongr the curseof dimensionality It is the motivationfor feature
selectiondescribedelow.

Thereare several intuitive explanationsfor Hughes’ phenomenonnamelythat
as the numberof dimensionsof a measuremengpaceincreasesmore datapoints
areneededo accuratelyspecifythe probability distributionsin the high-dimensional
space.If the numberof datapointsis fixed (asis oftenthe casewhentraining a pat-
ternclassifier)thenarbitrarily increasinghe numberof measurementsill eventually
degradeperformance.

This canbe explainedin termsof non-parametrigrobability densityestimation,
wherethe measuremergpaces spannedy a setof bins, andthe densityestimateis
calculatedasthe numberof pointsfalling in the bin, divided by the volumeof the bin.
If eachmeasuremenaxisis dividedinto h binsthenasthe numberof dimensionsd
increaseshe numberof binsincreasesish?. Therewill obviously sooncomea limit
whentherearenotenoughpointsto landin all thebinswhichwill thenhave erroneous
zeroprobabilities. The numberof erroneoushins will increasedramaticallywith d,
renderingthe overall probability estimatesnaccurate.

2.4.5 Cover'stheorem

Cover'stheorem(Cover, 1965)simply statedsaysthata complex pattern-classification
problemrecaston-linearlyin a high-dimensionakpaces morelikely to be linearly
separableéhanin alow-dimensionakpace Linearseparabilityis desirabldn a pattern
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classificatiorproblem,asthereis aneasyandanalyticalsolutionin thelinearseparable
case.

Cover’s theoremmight appearcounterintuitive to Hughes’phenomenosinceit
stateghattransformingalow-dimensionaprobleminto ahigherdimensionaprovides
aneasiemproblem,andconsequentiya moreaccurateclassifier It shouldbe notedthat
Hughes’phenomenostill applieshoweverif theseparatindiyperplanes determined
properlyin the high demensionaspacethenthis may be overcometo suchan extent
thatCover'stheoremprovidesa goodbasisfor designinga patternclassifier

The problemwith mappinga probleminto a higherdimensionakpaceandthen
fitting alinear separatindyperplaneas thatin mary dimensiongherearemary more
possiblehyperplaneghanin the lower space,increasingthe likelihood of choosing
a non-optimalone. By useof regularisationtheory one canconstrainthe problemto
giveauniquesolutionwhichis optimalgiventheconstraintsThisis how kernel-based
methodssuchasthe SVM operatgBurges,1998).

2.5 Classificationand inter pretability

Therenow exist two possibleavenuesfor designinga patternclassificationsystem.
Oneis to usea particularlyflexible modelwith goodgeneralisatiortapabilitiessuch
asa SupportVectorMachine(SVM) andtrainit with theraw fixed-lengthobsenation
vectors. This is a relatively new techniquethat hasbeenprovento give very good
classificationperformance. Another viewpoint is to selectand designgood feature
extractorsthatrepresenthestructuralinvariancesn theproblemandlearnastructured
classifierbasedn thefeaturegyeneratedby thesefeatureextractionalgorithms.

The former will shedlittle light on the processof classification,the internal
mappingsof a SVM will, for a problemof any compleity, be far too abstractto be
meaningful. However the latter approachis termed‘interpretable’sincethe feature
extractorscan be designedto have meaningin termsof the problemand the final
classificationprocesscan then be understoodn sucha way that shedslight on the
solutionof the problem. (Thereis currentresearchwithin the ISIS ResearciGroup
on aninterpretableSVM algorithmtermed'SUPANOVA' by Steve Gunn(Gunnand
Brown, 1999),anda NeurofuzzySVM (ChanandHarris,2001)).

However, whendesigningfeatureextractorsthat are meaningfulfor a classifica-
tion problemwith mary classest soonbecomespparenthatnotall featureextraction
processeare‘meaningful’ for all the classesThis canbeillustratedvia the handwrit-
tendigit recognitionproblemwhichis addressethroughouthisthesis.
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A meaningfulfeaturein animageof a handwrittendigit is the presencef aloop
(seeFigure 2.3 for an exampleof a preprocessedigit with andwithout a loop). In
turn,if aloopis foundfurtheranalysismaybe performedonthedetectedoop. Further
featuressuchasthe relative positionof the centreof the loop from the centreof the
wholedigit canprovide discriminatoryinformation. Though,naturally if therewasno
loop detectedn thefirst placethenthe ‘relative position’ of the loop is meaningless.
Whethera value may be assignedht all to thesefeaturesor if a valuecanbe gener
atedby somealgorithmseven for imageswithout loopsthenthosevaluescannotbe
expectedo beatall meaningful.

Thetreatmenbf suchfeatureswhicharetermedhereasclass-dependeif¢atures
requiresmuchfurtheraryalsis. For a classifierof mary classeso beinterpretabléghen
thesequestionsieedto be addressedChapter6 dealswith thisissuein greaterdetail.

For now theconcepbf conditionalindependencis introducedvhich canbeused
to measurdhe class-dependemtatureof features.ConditionalindependencéPearl,
1988)is definedfor events,A, B, andC suchthat:

P(AB,C) = P(AC),

if A andB areconditionallyindependengivenC.
This is an importantconceptregardingclass-dependerieaturessinceit canbe
formulatedas:

P(w[x,Q) = P(w|Q).

This meanghatthe classvariable,w, anda particularfeature,x; canbeindependent
conditionedon the setof classesQ. In otherwords,the dependencbetweerfeatures
andclassesnayvary givenasetof classesasa contet.

To illustratethis, if the featurex wasthe numberof legs, andthe classvariable
wasto be oneof thefollowing Q = {antsspidersflies}; thengivenQ = {antsflies}
thenx andw areindependent.Thatis, knowing x tells you no information aboutw,
sincex = 6 for eitherclass.Whereaxonditionedon Q = {spidersflies}, x andw are
dependenasx will now beeither6 or 8, dependingnthevalueof w. It isthisproperty
whichwill beshavn to be exploitedin theanalysisof class-dependeif¢atures.
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2.6 Statistical pattern classification

The following sectionfollows standardechniquesisedin statisticalpatternrecogni-
tion, andformsthebasisfor theremainderof this thesis.For amorelengthydiscourse
the readeris recommendedio readthe excellenttexts by Bishop (1995), Schurmann
(1996)andWebb(1999).

Thegoalof statisticalpatternrecognitionis to estimatethe posteriomprobabilities
for eachclassin a setof classesQ®' = {wy;i = 1,...,k}. Thisis usuallywritten for
eachwy asP(wi|x). In this thesisthe conditionon thesetof classess madeexplicit,
sincetechniquesreconsideredvherethis conditioningis important. Sothefinal goal
for eachclassificatioralgorithmin this thesisis to estimateP(wy|x, Q2").

To decidetheclasdabelusingtheinformationgivenby theposteriomprobabilities,
adecisionrule is applied. The Bayesdecisionrule for minimisingtherisk is statedas
follows (Jain,Duin andMao, 2000): Assigninput patternx to classw; for which the
conditionalrisk

R(wi[x) = ZL(wi 0j) P(wjx) (2.1)

is mimimum,whereL (w, wj) is thelossincurredin decidingw whenthetrueclassis
wj andP(wj|x) is the posteriomprobability.

The maximum a posteriori (MAP) decisionrule is then derived by using the
straightforward 0/1 lossfunctionwhich is describedy:

0 ifi=]
1 ifi#]j.
In this casethe Bayesdecisionrule simplifiesto the following: Assigninput patternx
to classwy if

L (e, wj) = { (2.2)

P(wi[x) > P(wj|x) Vj #1. (2.3)

It is usefulat this pointto definepreciselythe probabilitiesinvolvedin statistical
patternrecognitionand declaretheir meaning. This will help to clarify the analysis
below.

Classificatiorcanbethoughtof astheobsenationof anobjectandthesubsequent
labelling of that objectaccordingto the obsenationsmade. The obsenation andthe
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classlabels can be thoughtof asrandomvariablesto be modelledvia probability
densityfunctions. The obsenationis a vector x, of measurementsn an objectand
theclasslabel,C;, is a category to which thatobjectcanbe meaningfullyassigned.

It is importantto stressthatthe classlabelsform a finite set, Q2| andthe object
is assumedo berepresentetdy oneof theclasslabels.

Thefollowing probabilitieshave thefollowing meanings:

e p(x) - the probability thata certainobsenationis made(regardlessof the type
of object).

e p(x|wy) - the probability thata certainobsenationis madegiventhatthe object
beingobsened belongsto classC;. Thisis calledthe class-conditionaproba-
bility for classwy.

e P(wy) - the probability that the object being obsened belongsto the classwy
beforeany obsenationis made.

e P(Q'Y) - the probability that the object being obsered belongsto the set of
classe!? beforeary obsenationis made.

o P(Q¥ - the probability thatthe objectbeingobseredbelongsto the global set
of classesQ? (thisis always1 dueto the closedworld assumption).

e P(wi|X) - the probability thatthe objectbeingobsened belongsto the classwy
giventhatthe obsenations,x have beenmadeonit. Thisis calledthe posterior
probability for classw.

e P(Q5'9x) - the probability thatthe objectbeingobsened belongsto the setof
classe!? giventhatthe obsenations x have beenmadeonit.

Traditionallyit is thecasethatQ?! is fixedanda classifiefis usedto discriminate
all the classesn the globalsetQ?@ at once,resultingin a vectorof posteriorprobabil-
ities [P(w1|x), P(tp|X), ..., P(ux|X)]. Theelementf this vectorarecomputedusing
Bayes'theoremfori=1,...,k

P(x|wi)P(ux)
px)
Theabove equationis in its mostcommonform, wherethe closedworld assump-

tionisimplicit. Forthepurpose®f thisanalysidt is necessaryo makethisassumption

explicit andrestateBayestheoremas:

P(eilx) = (2.4)
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p(X|(x)i,Qa”)P((xJi‘Qa”)

al
o(x| QA Yy € Q. (2.5)

P(ailx, Q%) =

Using Bayes'theoremthe classifierdesignemow hasthe choiceto estimatethe
prior distributions P(w|Q) and class-conditionabensitiesp(x|ay, Q") from the
data.Thenormalisatiorfactorcanbe calculatedas

pxIQM) = F  p(x|w,QP(w Q). (2.6)
weal

One adwantageof Bayes’ rule is that the prior probability can be definedto
representary a priori knowledgeaboutthe classificationproblemif the proportions
of the classesn the training setis not thoughtto be representatie of the true prior
distribution.

Two principleapproachesanbefollowed,thatof estimatingheclass-conditional
densitiesand priors, or the direct estimationof the posteriorprobability distribution.
Note that Vapnik (1998) promotesbypassinghe estimationof any suchdensitiesor
distributionsandconcentratingll the learningon the parameterisationf the decision
boundarybetweerclassesn two-classproblems.This hasbeentermedtransduction’
and leadsto the increasinglyeffective and popular SupportVector Machine (SVM)
classifierwhichis derivedfrom the principlesof learningtheory While this technique
has parallelsand influenceson the work in this thesis,theseissuesare dealt with
specificallyanda thoroughtreatmenis not madenor is necessaryereof SVMs.

2.6.1 Estimating class-conditionaldensities

If we aretaking advantageof the decompositiorofferedby Bayes’'theoremthenwe
requiretechniquedor estimatingthe class-conditionatiensitiesp(x|wy, Q2') (again
theconditioningonthecompletesetof classe$s madeexplicit). Severalstandardech-
niquesareavailable,andthesemay be categyorisedinto parametri@andnon-parametric
densityestimationrmethods.

By far the mostpopularparametricform is the Gaussiamormalform which is
definedas,for a multivariateobsenationvector(DeGroot,1989):

_ 1 T O T
p(x\w)—(zmd/zml/zexp{ 5 (X—H) 2 (x uk).}
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Themaximumlik elihoodestimateof thisformis usuallyprefereddueto its closed
form andthe statisticsfl andZ areestimatedy the following:

1N

p = =3 x"and (2.7)
P

- 1 N . T

2 = g2 X=mx"-m (2.8)
n=1

Anotherimportantdistribution is the Bernoulli distribution which describeghe
probability of a vectorof binary events. This hasdirectapplicationto imageclassifi-
cation. Theinputvectorx consistof d elementsq;i = 1,...,d. Eachx representan
image. Eachx; cantake the valuesO or 1. The probability of a specificinput vector
elementpor pixel, for a givenclasscanbewritten usingthe Bernoulli distribution as:

p(xilwy) = P(L—P;)), (2.9)

where Pj; is the probability that the ith pixel from an image of the jth classis a
foregroundpixel.

Undercertainassumptionshe posteriorprobabilitiesof a Bayes’classifierusing
eithera Gaussiaror Bernoulli distribution, dependingon the natureof the vectorx,
canbe shown to berepresentethy alogistic lineardiscriminant. This is shovn in the
next section.

Alternative methodsfor densityestimationdo not requirea strict parameterisa-
tion, but insteadusethe sampleof pointsin thedataseto definethe densityat specific
pointsin the input space. In kernel-baseddensity estimationmethodsa region is
definedin theinput space The mostsimplebeingthe Parzenwindowwhichis defined
as:

He) :{ 1 if|uj| < 1/2

0 otherwise

This definesa hypercubeaboutthe origin. To definea quantity that indicatesthat
a point x; landswithin a hypercubeof side h centeredon the point x we canwrite
H((x — xi)/h). This hasa volume of h¢ whered is the dimensionalityof the input
space.

By consideringthe proportionof datapointslandingin this volumean estimate
of thedensityat pointx canthenbe formulatedas:
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1 N1 /x—x
PO) = 2 pat (T) -

The field of probability densityestimationis still an openresearcHield, andin
practicethe choiceof which densitymodelto useis influencedmoreby the constraints
on the designof the systemandthe propertiesof the applicationdata. In this thesis
Gaussiardistributionstendto be favouredfor class-conditionatiensitiesdueto their
simplicity, and Parzenwindow density estimationis usedfor the class-conditional
overlapmetricin Chapter6 asa numericaltechniqueo avoid Gaussianntegration.

Howevertheuseof Bayes’theoremis notrequiredif oneformulateshe posterior
probabilitiesdirectly. The advantagesf formulatinga posteriorprobability directly
is that the complity of the model is concentratecbn the boundarybetweenthe
classesandthe detail of the class-conditionadlensitiesar from the decisionboundary
is ignored,sinceit haslittle effect on the final classificationrate. The estimationof
posteriomprobabilitiesis coveredin the next section.

2.6.2 Estimating posterior probabilities

If one prefersto avoid the estimationof class-conditionabensitiesthenit is pos-
sible to directly estimatethe posteriorprobabilities. This againcan be doneeither
parametricallyof non-parametrically Popularparametricforms canbe derived from
assumptionsnadeon the class-conditionalsia Bayes’'theorem.

If alinearparametridorm is usedto estimatethe posteriorprobabilitiesthenthis
canbeshavnto beequialentto assumingsaussiartlassconditionalsvherethepriors
areequalfor all classesndthe Gaussiarcovariancesrerestrictedo strictly diagonal
non-zerovalues(Bishop,1995).

It is interestingto note that popularclassifierssuchas decisiontree classifiers
andk-NearesiNeighboursareeffectively estimatinganon-parametriposteriordensity
throughlocal decompositiorof theinput space Decisiontreeclassifierssplit theinput
spaceinto a (usually) axis-orthogonahyperrectangleandthenreturnthe classlabel
with the greatesproportionwith the specifiedregion (seefigure 3.8 for anexample).
The classproportionsgiventhe specificregion area local non-parametriestimateof
the posteriordistribution. Thisis discussedurtherin Sectior4.1.

The k-NN algorithm doesmuch the same,exceptthe region of input spaceis
determinedy adistancametric(usuallyEuclideanthatencloses specificnumberof
pointsandthenthe classproportionsaretotalledgiventhis setof pointsandthe class
with the greatesproportionis chosen.
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2.7 Linear discriminants

The useof linear discriminantss of importancelaterin the thesisandthis sectionis
follows that of Bishop (1995)to show thatthe outputsof a linear discriminantusing
a sigmoid activation function can be interpretedas posteriorprobabilitesunderthe
assumptionsf normally distributedclasse®f equalcovariance.

Considera two-classproblemin which the class-conditionatiensitiesare given
by Gaussiardistributionswith equalcovariancematrices>; = 2, = Z, sothat

p(X|ox) = szwz exp{—%(x— W) TS (x— Hk)} :

Using Bayes’ theorem,the posteriorprobability of membershipof classwy is
givenby

P(X|wn)P(on)
PO = oixieon)P(eon) + PX|en)P(e) (.10
1
~ Trep s (2.11)
= g(a) (2.12)
where
_ i POX|oon) p(wn)
= M Xw)p(e) 13
andthefunctiong(a) is thelogistic sigmoidfunctiongivenby
1
g(a) = H—Tp(—a)' (2.14)

If we now substituteexpressiorfor the class-conditionatlensitiesrom Equation
2.7into Equation2.13we obtain

a = W X+W (2.15)

where
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wo= I () (2.16)
P(o)

P(Q) (2.17)
This shows that using a logistic linear discriminant(representecdy y = g(a) us-

ing Equations2.15 and 2.14) is directly equivalent to estimatingGaussianclass-
conditionalsof equalcovarianceandthen calculatingthe posteriorsvia Bayes'rule.

Thus the outputsof the logistic linear discriminantcan be interpretedas posterior
probabilites.

Also by a similar agumentthe logistic linear discriminantarisesif the obsena-
tions arevectorsof binary valuesusinga Bernoulli distribution underthe assumption
thatthe binaryvectorelementsrestatisticallyindependenfseeBishop(1995)).

The input vectorx consistsof d elementsx;;i = 1,...,d. Eachx cantake the
valuesO or 1. Theprobability of a specificinput vectorfor agivenclasscanbewritten
usingthe Bernoulli distribution as:

1 1
Wo = —Spu' I+ i T+ In

p(xilox) = PR(1—Rg)* ™), (2.18)

whereP; is the probabilitythatthe vectorelementx; for classk hasthevaluel. If we
now assumehatthevectorelementsrestatisticallyindependenthetheprobabilityfor
the completeinput vectoris givenby the productof the probabilitiesof the individual
vectorelements:

d
p(X|w) = r! P (1— Pg) ). (2.19)

1=
Again usingthis formulationfor the class-conditionatlensityin Bayes’rule, it

canbe shavn thatalogistic lineardiscriminantcanbe formulatedsuchthat:

P(wr|x) = g(w"x + w), (2.20)

whereg(a) is givenby Equation2.14,and

1- Pli P((;.)l)
= In In 2.21
o ,z =Py " P(wp) (2.21)
W o= Ikt izh (2.22)

Pi 1-Py’
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Foramoredetailedderivationpleasaeferto Bishop(1995). This hassignificance
whenclassifyingbinary images althoughthe assumptiorof statisticallyindependent
vectorelementss broken.

2.8 Summary

The coreconceptghatunderly statisticalpatternrecognitionhave beenintroducedin
thischapter A classificatiorproblemcanbebrokendown in to four coreconceptsand
thesearesummarisedsfollows:

e The complexity of the problem - this is governedby the numberof classes
andthe numberof typesof obsenations(features). The amountof information
presenin the obsenationsdetermineghe fundamentalincertaintyin the prob-
lem.

e The complexity of the model - the form of the modelmustbe chosen.It may
be have mary or few parametersandtheremay be a choicein the numberof
featuresusedby the model. Thiswill determinehow well the modelcanat best
representhe problem.

e Training the modelto a suitable accuracy- the parametersf the modelmust
be estimatedrom finite data. Themodelmustbetrainedto provide goodgener
alisationperformance.

e The interpretability of the model - the modelmay be requiredto provide an
addedunderstandingf the problem. In this casethe model structuremustbe
easilyunderstoodndrepresentheunderlyingproblemwell.

Usually the problemis predefinedandits compleity in the numberof classes
andnumberof availablefeatureds fixed. The tasksof choosingthe compleity of the
modelandtraining the modelparametersreinter-relatedandform the biashariance
dilemma. The overall aim is to provide the modelwith good generalisatiorability.
Over-simplemodelssuffer dueto aninnability to representhe problem(strongmodel-
bias), but over-flexible modelsneedto have their compleity (high modelvariance)
controlledin a sensiblemannerthroughregularisation. The mostaccurateclassifiers
tendto have mary parametersanda complex structurethatis controlledin this way,
howeverthey tendto be hardto interpret.If it is requiredthatthe modelstructureand
parameteraid theunderstandingf a problem,thenthis usuallyrequiressimplemod-
elsandfew parametersyhichaffectshow adesignemightapproactthebias/ariance
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dilemma. In this thesisinterpretabilityis an issue,andthis leadsto the requirement
that modelsshouldhave the fewestnumberof parametersand an easily understood
structure.

The discussionhere has concentratedn standardtechniques.andin the next
chaptettheparadigmsnvolvedspecificallywith themainthemef thisthesis namely
multicategory classificationand class-dependeffi€aturesare explored. The relation-
shipbetweerfeaturesandclassesiasbeenemphasisedl heamountof discriminatory
informationprovidedby asinglefeaturegivenasubsebf the possibleclassefiasbeen
definedby way of conditionalindependenceThis is expandeduponin Chapteré to
definethetermclass-dependefatures An analysisn termsof anincreasinghumber
of classedollows in Chapter3 andChapter4. This leadsto a goodunderstandingf
the compleity of the algorithmspresentedand shedslight on the real problem of
choosingtheright modelcompleity for afixed-sizeproblem.



Chapter 3
Review of existingreseach

In Chapter2, patternclassificatiorwasdefinedandtheimportantissueshatunderlie
the field in generalwere highlighted. In this chaptey the issuesbehindthe central
themesin this thesisare considered namely multicategory classificationand class-
dependenteatures. This is presentedn the context of existing researchin pattern
classificatiorandalthoughthereis little otherresearctspecificallyon class-dependent
featuresijt is possibleto find otherresearchapproacheshat considerthe problemof
class-dependemm¢aturesndirectly.
Thefollowing conceptsareof relevance:

e Multicategory classification
e Hierarchicalandpairwiseclassificatiormodels

e Class-dependeif¢atures

Theseconceptandrelatedwork is discussedn thefollowing sections.

3.1 Classificationwith many classes

Much of modellingandlearningtheoryhasconcentratednthe2-clasproblem(Fried-
man, 1997), this often allows rigorousanalysiswithout concernfor practicalissues
that arisein mary real multiclassproblems. The statementhat a 2-classproblem
generalisesrivially to ak-classproblemoftenaccompaniesuchanalysis.While this
is a sensiblestatementor smallk, thereare mary applicationsthat requireefficient
solutionsto problemsof mary classessuchas handwriting recognition (especially
Chinese),face recognition, spealer recognitionetc. In thesecasesthe effects of

32
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mary classeswill have somebearingon the accurag andefficiengy of the different
classifiersused.Theimportantissueis the scalabilityof the multiclasstechniquegor
increasinghumberof classek. Approachego multiclassproblemswith mary classes
arereviewed in this sectionwith a qualitatve analysisof the scalability problem. A
morerigorousdiscussions givenin the next chaptemwith quantitatve analysis.

An excellentsurwey of classicalstatisticalpatternrecognitionis givenin Jain,
DuinandMao (2000),althoughadiscussiorof theimportantsubclas®f multicategory
classificationis conspicuoudy its absencen this otherwisecomprehensie review
paper Of the classificationalgorithmsconsideredn this suney it is importantto
considettheir potentialapplicabilityto multicategory classification.

2-classAlgorithms MulticlassAlgorithms
Logistic Classifier k-NearestNeighbourClassifier
FishersLinearDiscriminant TemplateMatching
Perceptron NearesMMeanClassifier
Multi-Layer Perceptron Subspac€lassifier
RadialBasisFunctionClassifier| BayesPlug-inClassifier
SupportVectorMachine ParzenClassifier
Decision-TeeClassifier

Table 3.1: Suitability of establishedlassificationalgorithmsto 2-classand multiclassprob-
lems

In Table3.1theclassificatioralgorithmsreviewedin Jainetal. (2000)aredivided
into two cateyories: firstly thosewhich are naturally 2-classclassifiers andsecondly
thosewhich areinherentlymulticlassclassifiers.This distinctionneedssomeclarifica-
tion asall thesealgorithmscanbe usedfor multicategory classification.

A classifieris assumedo be a natural2-classclassifierif its formulationis de-
rivedfrom a 2-classproblem. This is mostobvious for the setof linear discriminant
classifierssincethey areformulatedin the mostsimplecaseas

y=w'x+b, (3.1)

wherethe obsenation x is assignedo classw; if y < 0 andclasswy if y> 0. A

classlabelis chosenfrom {wy,wp} arbitrarily if y= 0. This is obviously a purely
binary classifier anda combinationof suchclassifierss neededo solve a multiclass
problem.Theaboveformulationdescribes perceptronandis generalisedo alogistic
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classifietby applyingthelogisticfunction(Equation2.14)to theoutput.Fisherslinear
discriminantis alsoof this form, but providesa closed-formsolutionto findingw and
b.

Multi-layer perceptronsiadialbasis-functiorclassifiers(Bishop,1995)andsup-
port vectormachineqBurges,1998)aretypesof generalisedineardiscriminantsand
maptheinputsinto analternatve ‘hidden’ spacewhichis thenfed to alineardiscrim-
inant. In this sensehey are consideredinary classifierssincein eachcasea binary
classifieris usedfor theoutput. Thenext sectioncoversthemethodsusedto generalise
thesebinaryclassifierso mary classproblems.

Alternatively, the classifiersn Table 3.1 that are considerednherentmulticlass
classifiersarederivedfrom a multiclassproblem,andneedno extra formulation. The
generalmulticlassclassifierscanbe groupednto threecatayories:

e Bayesplug-in classifiergincludingnearestmeanandParzenclassifier),
e subspacelassifiergincludingkNN andtemplatematching),and
e decisiontreeclassifiers.

Thefirst catggory transformgheclassificatiortaskinto adensityestimatiorprob-
lem, sinceclassconditionaldensitiesaremodelledandthen‘pluggedinto’ Bayesrule,
which resultsin the requiredposteriorprobabilities. The nearestneancanbe derived
from aBayesclassifierunderassumptionsf equalpriorsandcovariancesTheParzen
classifierusesParzendensityestimation(Bishop,1995)to modelthe class-conditional
densitiesn Bayesrule. Subspacelassifiersanddecisiontreeclassifierscanbe shavn
to estimatelocal posteriorprobabilitiesconditionedon wherethe obsenation vector
liesin theinputspacethisis shovn in Chapter.

3.2 Generalisingbinary classifiersto many classes

If asetof 2-clasdinearclassifiersvereto beusedto distinguisheachclassin ak-class
problem,thenthemostcommonchoicewould beto trainasetof k classifierssuchthat
eachonediscriminateneclassfrom the remainingsetof classes.

In this caseeachclassifieris giventhe taskof distinguishingbetweentwo class
subset®! andQ!, i =1,...,k, for thek modelswhich aredefinedasfollows:

Q = {w}, (3.2)
Qf = {w;Vi#i} (3.3)
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Whenusinga perceptroror lineardiscriminantit is oftenthe casethatthedesired
outputfor eachmodelgivena specificinput, whichis commonlyknown asthetraining
target,is representedsavectorfor apointassignedo classj (Nilsson,1965),

1 ifi=j
t=(tg,...,t4)7, ti:{ J

0 otherwise

In this casetherearek separatg@roblemsbeinglearnt,in eachonea singleclass
is beingdiscriminatedrom all theothers.Thisis illustratedfor lineardiscriminantsn
Figure3.1.

X X X x X
FOlP RN Ot

Input vector
[X,] Target vector
L KO
o| (forclassw, )

X X X X X
FolP o N

X X X X X X X X X X
£ [N N O o N R A

Figure 3.1: Usinglogistic lineardiscriminantgo discriminatek classe€achx; is anelement
of theinput vector Theseareweightedandsummedatthe outputnode.The outputrepresents
aposteriomprobabilitywhenpassedhroughthe sigmoidfunction.

It shouldbe notedthat only k— 1 modelsare neededo discriminatek classes.
The posteriorprobabilitiesmustaddup to 1 dueto the closed-vorld assumptionand
the value of the last modelmay be calculatedfrom the first k — 1 models. However,
in practisethe outputsare not normalised andno longersumto unity. It is therefore
usuallythe casethatk modelsareevaluated.

The diagramon the right of Figure 3.1 is merelya more compactway of repre-
sentingthesamesetof models.Thereis noaddednteractionbetweerthemodels.This
is dueto the single-layematureof a perceptroror linear discriminant. The casefor
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Input vector

Figure 3.2: Usinga MLP discriminate2 classes{w,w,}
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Figure 3.3: Usinga MLP discriminate4 classes{w, Wy, ws, wa }

multi-layer perceptronss differentsincethereis someinteractionbetweenhelayers.
Thisis illustratedin Figures3.2and3.3.

Figure 3.2 shavs a multi-layer perceptrorof five input nodes six hiddennodes
andoneoutputnode. This modeloutputsthe probability of classw; in a binary deci-
sionbetweerclasseq wy, w,}. Thelogistic linearhiddennodespartitionthe original
featurespaceby way of linearridgefunctionsin theinput space.Thisis written

@ = g(W] x+by), (3.4)

whereg(.) is thesigmoidfunction (Equation2.14),w; is theweightvectorfor the jth
hiddennode,andb; thebiasfor the samehiddennode. Thelogistic linearoutputnode
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thencombineghesepartitionedregionsto form a decisionboundarybetweerthe two
classesThisis written

h
Yi(x) = wij@;(x) +ci, (3.5)
=

whereh is the numberof hiddennodesandeachwij, j = 1,...,h form the weight
vector andc; the bias, for the ith output(in this casethereis only oneoutput). The
numberof hiddennodess aresultof thecompleity of thedecisionboundarybetween
the two classesandin practiceis often found empirically. This is generalisedo a
multiclassproblemin muchthe sameway asthe perceptronpy addingextra linear
outputlayersto predictthe posteriomprobabilitiesfor eachclassfrom the hiddennode
featurespaceasin Figure3.3.

A foreseeablgroblemwith this techniqueasa scalablemulticategory classifier
is that more hiddennodeswill have to be addedto copewith the compleity of the
decisionboundariedetweensereral classes.The hiddento outputweightswill then
selectwhich hiddennodeswill be usedto constructthe decisionboundariedetween
neighbouringclasses.With mary classespnly a few of the total numberof hidden
nodeswill relateto theboundaryaboutary oneparticularclass,andmary of thehidden
to outputlayerweightswill bezero. Much researcthasgoneinto trainingMLPs and
a goodtraining algorithmwill no doubtfind a sufficient parameterisatiofior sucha
problem,but theproceswill ofteninvolveaparticularlycomplex andtime consuming
non-linearoptimisationfor which thereis no guaranteedolution. Whenthe problem
is well understoodijt is betterto usea dedicatedtechniqueto solve the multiclass
problemandnotrely on anuneconomicabptimisationtechniqueto do the work. This
is discussedurtherin Sectionst.7.1and4.8.

Radialbasisfunctionclassifieravork onmuchthe sameprincipleexceptthateach
hiddennoderepresents kernelfunction,usuallyof the form

W; = exp (—M) , (3.6)

20%
wherex is theinputvector;|; is thecentre,andag; controlstheradius,of the jth basis

function. A linearoutputlayeris definedonthesebasisfunctionsto give theoutputfor
classwy as

yi(x) =y wijyj(x)+bi, (3.7)
=1
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wherem is the numberof basisfunctionsandeachw;j, j = 1,...,m form the weight
vector andb; the bias, for the ith output. Again, a certainnumberof basisfunctions
will giveriseto thedecisionboundariebetweemeighbouringlasseandmary of the
weightsw;; will bezerofor a problemwith mary classes.

Supportvectormachinehave beendevelopedoredominanthasbinaryclassifiers,
althoughrecentlyformulationsof multicategory classifierausingSVMs have beende-
veloped.A suitableapproachs givenby Kressel(1999)wherethe k-classproblemis
decomposedhto a setof 2-classproblems.This leadsnicely into the next sectionin
which alternatve approache$o generalisingoinary classifiersarereviewed including
suchpairwisediscriminants.

3.3 Alternative approachesto generalising a 2-class
problemto k classes

Although by far the most commonapproachthe methodsusedto generalisea set
of 2-classclassifiersto a k-classproblemdescribedabove are not the only options.
Alternative researclapproachearereviewedin thefollowing.

In a recenttechreport (Friedman,1996), Friedmanpresented formulation of
a pairwiseclassifierwhereeachclassis comparedagainstevery otherclassby a set
of pairwise classificationmodels. The classwith the most positive classifications
over all modelsis assignedasthe outputlabel. A similar approachs presentechs
amethodof generalisinga 2-classsupportvectormachineto a k-classproblem,again
by combininga setof pairwisemodels(Kressel,1999). Good performanceas shavn
for the pairwisemodelon a handwrittendigit recognitionproblem,even whenusing
simplelineardiscriminants.In (JiaandRichards,1998) multicategeoryclassification
is interpretedas a cascadef binary classifierswherepairsof classesare compared.
Figure3.4illustratesthe structureof this classifier althoughthe pairwisenatureof the
binarydecisionsarethe sameasFriedman(1996)andKressel(1999).

The pairwisetechniqueglescribedabore are similar in motivation, but differ in
the methodausedto combinethe outputsof eachpairwisemodelto reacha final clas-
sification. JiaandRichards(1998)usea methodthat rejectsoutright a classthatfails
ary oneof the pairwisetests.Friedman(1996)examinesa winnertakes-allalgorithm
thatchooseshe classlabelwith the mostfavourablecomparisonshowever this needs
a heuristicfor evaluatingtie-breaksituations. Kressel(1999) suppliesa heuristicfor
evaluting suchtie-breaksituations,or suggestghat tie-breaksshouldbe rejected. A
principled approachto the combinationrule for the classifiersis lacking, andit is
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Figure 3.4: Progressie two classdiscriminantfor six classes

shavn in Chapterd thatby usinga probabilisticformulation,a principledcombination
schemecanbederived.

Another techniguefor multiclassclassificationis presentedoy Dietterich and
Bakiri (1995)which investigateghe useof an outputencodingmotivatedfrom error
correctingcodesoften usedin datacommunication.A codebookof binary vectorsis
generateduchthat the Hammingdistancebetweenall vectorsis maximised. These
vectorsarethenarbitrarily assignedo classessoutputvectorswherea one-ofh out-
put encodingwould normally be used. Theseerrorcorrectingoutputcodes(ECOCS)
arelongerthantheir counterparbne-off outputvectorsfor mary-classproblems put
the papershaws a significantimprovementin performancevhenusing ECOCswith
multi-layerperceptronsinddecisiontrees.This suffersfrom the needto find asuitable
codeboolanexampleis givenin Figure3.5). Thesizeof thecodebooks in theorder
of 2<-1 — 1 columnsfor k classesanda 2-classclassifierneedsto be learntfor each
columnin the codebook Findinga suitablecodebooks anopenresearctarea.

Yetanothempproachs to treatthe multicategory problemasa setof subproblems
which canberepresentedsatree,wherethe terminalnodesof the treedefinewhich
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Figure 3.5: An exampleof a codeboolof errorcorrectingoutputcodesfor 10 classes

classlabelto assignto the output. Sincethereis a greatvolume of literatureon this
type of classifierthe next sectionis devotedto tree-basedyr hierarchicaklassifiers.

3.4 Hierar chical classification

Beforeembarkingon a discussiorof tree-basea@lgorithmsit is sensibleto definethe
terminologyusedto describetreesandassociatedoncepts.A treeis a specialisation
of a connectedjraphdescribedby a setof nodes N, andarcs V. An arcis a hode
pair. A noden; € N is connectedo noden; € N if thereexistsa pair {n1,nz} € V.
A treediffers from a graphin thatthereis only one pathfrom any onenodeto ary
othernode(no cycles). Usuallya particularnoder € N is calledtheroot nodeandall
nodesconnectedo theroot nodearecalledchildren the root nodebeingtheir parent
Thesechild nodesmayhave childrenof their own. Any nodeexcepttheroot nodehas
exactly one parent,althoughary parentmay have mary children. The root nodehas
no parentsNodesthathave no childrenareknown asterminalnodesor leaves Nodes
thathave childrenarecallednon-terminalnodes A specialisatiorof atreeis abinary
treewhereeachnodemay have no morethantwo children. A balancedbinarytreeis
abinarytreewhereeachnon-terminahodehasexactly two children.

An exampleof a balancedinarytreeis givenin Figure3.6. NodeA is theroot,
nodesA, B, C, D, E, F, andG, arenon-terminalnodes,andnodesH, |, J, K, L, M,



CHAPTERS3. REVIEW OF EXISTING RESEARCH 41

H I J K L M N O

Figure 3.6: An exampleof a balancedinarytree.

N, andO areleaf nodes.NodeA is nodeB’s parentandnodesD andE arenodeB’s
children.

Hierarchicalclassificatioris awell establishedield, with early publicationsfrom
thelate nineteersixties(Fu, 1968;HenrichonandFu, 1969). It is importantto review
the historical developmentof hierarchicalclassification,and patternclassificationin
the broadersenseto be ableto placethe significanceof this work. In facttheimpe-
tus for this work resultsfrom a reinvestigationof the hierarchicalclassifierwith the
hindsightof whatis now known in machinéearning.

It hasbeenlongsinceknown by decomposing classificatiortaskof mary classes
into a hierarchyof subtaskghat certainadvantagecanbe gained(PayneandMeisel,
1977;Swain andHauska1977;Mui andFu, 1980). Theseare:

e areducechumberof featurescanbeusedat eachnode,
e featuresareonly calculatedvhenrequiredfor classification,

e specialisedeaturesmay be usedat specificnodeswithout impactingthe accu-
ragy or efficiengy of othernodesand

e areducedhumberof comparisonsvill be madeat eachnodeduring classifica-
tion.

Thereare alsowell known disadwantageqMui and Fu, 1980; Kim and Landgrebe,
1991):
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e thenumberof possibletreestructuredor ak-classproblemis astronomicakven
for amoderatelysmallk, (seeSectiord.4)and

¢ theoptimisationof thetreestructureandthefeaturesubsetsat eachnodecannot
feasiblybe donesimultaneously

Therearemary waysto designa hierarchicaktlassifieragoodreview paperbeing
(Satwvian and Landgrebe 1991). The dominatingmotivation behindall hierarchical
classifierss thata complex decision-makingprocesscanbe broken down into mary
smallerdecisionsallowing a solutionthatis easierto interpret,and allowing fewer
featuresto be usedat eachdecisionnode. However it is shovn in Chapter4 that
thereis a conceptualdifferencebetweenhierarchicallypartitioning the input space
andhierarchicallypartitioningthe setof classesandalthoughthis canleadto similar
looking hierarchicallassifierghe distinctionis important. This is a novel distinction
thatis notacknavledgedin theliteratureon tree-basedlassifiers.

Neverthelessmportantdesignchoiceso be madewhenusinga hierarchicaktlas-
sifier have beeninvestigatedhroughoutheliteraturewhich hasshapedheresearchn
this area.Themostimportantdesigndecisionsareasfollows:

e Decisionrule - choiceof classsifierhardor softdecisionsnumberof parameters
e Treestructure- binarytree,n-tree,classoverlap
e Treedesign- top-davn, bottom-up,combinatoriakearch

Thesedecisionshave beenexploredin theliteratureon hierarchicaklassification
overthelastthreedecadesndthis previouswork is reviewedin thefollowing sections.

3.5 Decisionrule

In ary hierarchicaklassifier processings performedat eachnode startingattheroot
anddescendinglown the treein sucha way that a final classlabel canbe chosenat
the leavesof the tree. Thereare mary waysthat the nodesmay behave, resultingin
differenttypesof hierarchicaklassifierwith arangeof advantagesanddisadwantages.
Usuallythedecisionmadeat a nodedictateswhich of the branchegrom thatnodeare
followed,resultingin themostcommonfamily of hierarchicaklassifiersthe decision
tree classifiers(DTCs). Theseare usually describedas making hard splits, or hard
decisions. However there are other ways of propagatingthe information from the
root of the treeto the leaves, mostsignificantly by calculatingprobability valuesfor
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eachbranchin thetreeandpropagatinghe necessaryaluesdown to theleaves. This
converselyis decribedassoft decisionmaking. This is the techniqueadoptedn this
thesisbutit is importantto surwey the completditeratureon hierarchicaklassifiergo
highlightthedistinctionsandrelative meritsof the alternatve approaches.

This sectionis divided into subsectionghat describethe prior researcHirstly
on harddecision-makinglassifiersincludingthosethatrestricteachdecisionto axis-
orthogonakplits,whichleadsto apopularrule-basedTC. Thensoft-decisiommaking
treeclassifiersarereviewed.

3.5.1 Hard decisionnodes

A discussionof hard and soft decisionmaking in tree-basedlassifiersis given in
(Sethi,1995). Decisiontreeclassifierghathave harddecisionnodestendto be more
interpretablan termsof the resultingrulebase put decisiontreeswith soft decision
nodegendto be morerobustto errorandexhibit betterclassificationperformance.

This sectionis concernednly with the effectsof makinga harddecisionusing
ary appropriatefamily of functionsusedto representhat decisionboundary By
far the mostcommondecisionstratey is to usea simple linear decisionboundary
in the input space. This is often restrictedto a function of only oneinput variable,
which leadsto axis-orthogonasplits, which aredescribedn Section3.5.2. The most
commondecisionboundariesare describedusing a linear combinationof the inputs,
(Gama,1997)or aquadratiddecisionboundarythatresultsfrom amaximumlik elihood
classifieundertheassumptionsf normallydistributeddata(SwainandHauska1977;
Mui andFu, 1980).

Early papershave investigatedthe performanceof classifiersusing suchhard-
decisionboundaries.Swain and Hauska(1977) describea decisiontree classifierin
which decisionsaremadebetweerdistinct subset®f classest eachnodein thetree.
Althoughtheissueis notaddressedxplicitly, they restricttheclasshierarchysuchthat
eachclassmay appearmon only onebranchof a node. Eachnodemay alsohave more
thantwo branches.Thetreestructureis designeceitherby manualinspectionof the
classdistributionsfor eachinputfeature or by adiscretesearchalgorithmdescribeds
‘a guidedforward searchwith pruning’. The objective functionusedis a combination
of classifieraccurag andcomputatiortime for thatclassifier They reportfavourable
results,with the overall accurag reproducinghe accurag of a singlestageclassifier
but with a significantdecreasén computatiortime whenclassifying.

Similarly, in an applicationthat involves the classificationof mary classesn
a high-dimensionainput space Kim and Landgrebeusea hierarchicalclassifierto
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improve classificatiomaccurag in remotesensing(Kim andLandgrebe,1991). They
shaw that by usinga decisiontree classifieranda suitablefeatureselectioncriterion
that the hierarchicalclassifierproduceshigher accurag with fewer featuresthan a
cornventionalsingle-layerectlassifier

3.5.2 Axis-orthogonal splits

A well known andusedalgorithmfor classifyingpatternsisingahierarchicatule-base
is describedby Quinlanin hisbookC4.5: Programsfor Machine Learning(Quinlan,
1993) developedfom researckHirst introducedby Friedman(1977). A decisiontree
canbegeneratedrom atrainingsetof labelledfeaturevectors.This canthenclassify
unseerfeaturevectorsasbelongingto oneof the possibleclasslabels. Eachnodein
thetreerepresentarule on asingleelemenif thefeaturevector If aruleis satisfied,
thena particularbranchof thetreeis be choserthatleadseitherto a leaf nodewith a
classlabel, or a subtreewith furtherrules. A pathfrom therootto a leafis foundon
the basisof a givenfeaturevectorandthe label attachedo the leaf is assignedsthe
classification.Thisis known asharddecisionmakingandis illustratedin Figure3.7.

N

W, W, W; W, W5 Wy W; W

Figure 3.7: A treeclassifierusing hard splits to discriminate8 classes.A single branchis
choserateachnodeandthereis only oneleaf nodechosen.

Sincethe decisionare madeon a single input variableat a time, the decision
boundariesreorthogonato theinput axis correspondingo this input andparallelto
all others.Thisis illustratedin Figure3.8,which shavs thatmary splitsareneededo
separatelassesvhoseboundarieareobliqueto theinputaxes.
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m—
Figure 3.8: Usingaxis-orthogonasplitsto discriminate4 classes Eachshadedegion repre-
sentstheareaof input spacecoveredby a singleclass.

Xz

Thesetreesaretrainedin atop-davn fashion,wherebya rule is foundthatsplits
the input spaceinto the most homogeneouset of subspacesising entropy-based
measureswhich then may be split further until a satisactory model is achieved.
Regularisationis often appliedby pruninglower branchesf the treethat over-fit the
training data, this improves the generalizatiorpropertiesof the model. A human-
readablerule-basecan also be generatedrom sucha model, but the model canbe
saidto exhibit a high modelbiasdueto the univariatenatureof the rules. Another
significantdisadwantagewith this type of classifieris thatthe resultingrulebasefor a
complex multicategory problemoften hasmary ruleswhich makesthe rulebasehard
to interpret.

Thereare mary variationsto thesemodelsthat use, for example, multivariate
splits at eachnode (Gama,1997) or differentsplitting criteria. An extensve review
of decisiontreeclassifiersan generalis givenby Safwian andLandgrebg1991). An
exampleis givenin Figure 3.9 of a decisiontreethatusesbivariate,or obliquesplits.
This allows the sameclasseso be separatedisingfewer decisions.

3.5.3 Softdecisionnodes

An alternatve to makingharddecisionsateachnodein thetree,whereonly onebranch
from eachnodeis traversed,eachnodemay outputa valuefor eachof its branches.
Thenthesevaluescanbe combinedfrom parentto child nodeasthe treeis traversed,
to producea vectorof resultantvaluesfor eachleaf in thetree. This is illustratedin

Figure3.10. Theclassificatiordecisioncanthenbe madeaccordingto somedecision



CHAPTERS3. REVIEW OF EXISTING RESEARCH 46

Xy

Xz

Figure 3.9: Usingbivariatesplitsto discriminated classesEachshadedegion representshe
areaof input spacecoveredby a singleclass.

rule onthis vectorof values.This is known assoft-splitting,or soft decisionmaking.

Figure 3.10: A tree classifierusing soft splits to discriminate8 classes.The probability is
distributeddown thetree,andthe classwith the highestprobabilityis chosen.

Quinlan (1987) adaptedhard decisiontreesto have a soft thresholdaboutthe
decisionboundaryby using a linear ramp function. Probabilitiesare approximated
from thesesoft thresholdslt is corvenientto modelthe outputvaluesat eachnodeas
real probabilities,asthenwe have a rigorousframewnork on which to basethe calcu-
lation andcombinationof thesevalues.Sucha probabilistictechniquds presentedn
SchuermanmndDoster(1984)and Schurmanr(1996) andthis techniques adopted
in (Bailey andHarris,1999).A novel formulationof is givenin Section4.2.
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Schurmanrpresents probabilistichierarchicalclassifierthatis motivatedfrom
limitationsmadeby model-basedlassifieronfinite datasetsAs thenumberof classes
increasdor asingle-layerclassifier the compleity of theoptimumdiscriminantfunc-
tionsalsoincreasesTheapproximationsnadeon the posteriomprobabilitiesby insuf-
ficient probabilitymodelsincreaseandconsequentlyhefinal errorrateincreasesThe
problemis alleviatedby breakingthe mary-classdiscriminationtaskinto amuchsim-
plersubproblenwherebythe setof classess splitinto two subsetsanddiscrimination
is performedbetweerthe two subsetsEachsubsetanbe split similarly resultingin a
hierarchyof 2-classdiscriminationproblems.It is not necessaryo alwayssplit a set
of classesnto two subsetsanarbitrarynumberis possible.However all problemscan
berepresentedly binarytreesusing2-classsplits.

Theuseof probabilisticdecisionsat eachnodedoesindeedhave a significantim-
pactonthedesignof thetree.lIt is shavnin Sectiord.4thataprobabilistichierarchical
classifiens asymptoticallyequivalentto a Bayesclassifier Oneof the mostsignificant
differenceswhenusingthis model,asshavn in the analysis,is thattherecanbe no
overlap betweenclasssubsetsat ary decisionnode. This alwaysresultsin a finite
treewith k— 1 nodesfor a k-classproblem. The searchstratgiesfor sucha treeis
thenconsiderablydifferentthanfor atreewith overlapwhich canhave exponentially
greatemumbersf nodes.

Onedisadwantage(Safvian andLandgrebe 1991)is thatall the branchesnust
now have to be traversedto computethe posteriordor eachclass.Schurmanr(1996)
suggestghat a minimum thresholdvalue canbe usedthatwill allow computationto
be stoppedorematurelyfor somebrancheslt is shavn in Section4.10.2thatindeed
a principledmethodfor cut-off canbe usedthat hassignificantcomputationabhdvan-
tages.

3.5.4 Non-homogeneouslecisionnodes

In either formulationof a hierarchicalclassifierwherethereis no restrictionon the
choserdecisionrule thereis no reasornto supposehatthe decisionrule shouldbethe
samefor all nodes(JiaandRichards,1998). In factthereis a compellingreasonto
choosethe decisionrule with the lowest affordable compleity for the task at each
node.Thisis elaboratedn Section4.7.1.
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3.6 Treestructure

Hierarchical,or tree-basectlassifiersall have a recursve tree structurein common.
However, dependingnthealgorithmusedtherearestill differencedetweerthetypes
of treesused. This may be in the numberof branchesallowed from eachnode, or
whetherthe sameclassis allowedto belongto morethanonebranchfrom anode.

The advantagedo be gainedby using a tree-basealassifierwill only be max-
imisedif an appropriatetree structureis found for the classificationproblem. It is
known that an exhaustve searchof all possibletreesis NP-completefor the case
of finite treeswith no classoverlap,andthis searchspaceis even larger for treesin
which the sameclassis allowed on oppositebrancheof thetree. AlgorithmsareNP-
completdf they belongto thesetof problemghatcannotesolvedin polynomialtime,
thetime takento solve the problemis usuallyexponentialin the sizeof the problem.
Therearemary techniquedor finding a goodtreestructureandthesearereviewedin
this section.

Thebinarydecisiontreeis by far the mostappropriatdreestructureto usewhen
designingatreeclassifier sinceak-tree- atreewith k branchepernode canalwaysbe
representedsinga binarytree. Constraininghetreedesignto binarytreessimplifies
thedesignprocedure.

3.6.1 Classoverlap

It is particularlyimportantin this thesisto acknavlegdethe differencebetweentree-
basedclassifiersthat allow the sameclasslabel to appearon differentleaves of the
tree,asthis is shavn in Chapter4 to be the resultof a fundamentatifferencein the
derivation of the tree-basedlassificationalgorithm. Existing researchs discussedn
this sectionregardingthis propertyof tree-basedlassifiers.

Kulkarni and Kanal (1976) presenteddynamic programmingand branch-and-
boundasmethoddor designinghierarchicaklassifiersvheretheclasdabelis allowed
to appeamorethanoncein thedecisiontree. The optimisationproblemis particularly
complex andclusteringtechniguesreusedto replacemary datapointsby prototypes
to increasdhe speedf the optimizationalgorithm.

RossQuinlanhasdevelopedmuchwork on decisiontreesthatallow classoverlap
(Quinlan,1993).Many decisiontreedesignissuesareaddresseh this book,although
mostof thediscussions restrictedo univariate or axis-orthogonalsplitsateachnode.
Thetreestructureis generatedisinga top-dowvn splitting algorithm. This is agreedy
searchthat decomposethe input spaceinto a numberof regionsusinghyperplanes.
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Thehyperplanesreusuallyorthogonako a singleinput axisandparallelto all others.
The positionof the hyperplaness found usinga metric calledthe gainratio which is
ameasuref homogenityof classlabelsof the setof classpointson eithersideof the
hyperplane.

This techniqueusually suffers from overfitting if the tree structureis allowed to
grow until the training error is zero. Pruningalgorithmsapproachthis problemby
removing nodedow down in thetreeuntil asensiblegeneralisatiorrroris achiezedon
aseparaterainingdatasetA quasi-probabilisti@pproachs givenin (Quinlan,1993)
where soft decisionsare madeusing probability valuesestimatedfrom a piecevise
linear approximationof the sigmoidfunction. However this is an approximationof
probabilityvaluesjn Chapted atrueprobabilisticmodelis givenfor asimilardecision
treeclassifier

A clusteringdesignprocedures presentedn (Lin andFu, 1983)wherek-means
clusteringis usedto partitionthe setof classesnto two roughly equalsubsetstarting
from the root to generatea binary treewith classoverlap. Criteria areintroducedin
the designof the treeto ensurewell-balanacedreeswhich are expectedto be more
computationallyefficient when classifying. However the designprocedureinvolves
a considerableamountof userinteractionto producean efficient classifier Feature
selectionis performedat eachnodein thetreeusingsequentiaforward searchwith ei-
therthe Battacharyyar Mahalanobislistancesisedasperformanceriteria. A Bayes
classifierandk-NN classifierwereusedasthe decisionrule at eachnode. The k-NN
classifierusingk-mean<lusteringfor featureselectionproducedhebestclassification
accuray.

An efficient methodfor finding the tree structurebasedon multivariatestepwise
regressions givenin (Qing-Yun andFu, 1983). Again a binarytreewith multivariate
linear decisionnodesis usedandclassesareallowedto overlapbrancheof the tree.
A comparisorwith theresultsof Lin andFu (1983)aremadewith theauthorsresults
shaving a slightimprovementin bothaccurag andcomputationatostfor classifica-
tion.

Someresultsfrom an early paperusing a tree without classoverlap are given
in (Landeveerdet al. 1983). They have a morerigorousapproachto generalisation
performancestressinghe needfor the datato be split into a train andtestset. Their
model usesFishers linear discriminant(Bishop, 1995) as a decisionrule with hard
splits. Featureselectionis done using bilateral Students t-testsand stepwiseco-
varianceanalysis. The tree structurewas constructedvith an agglomeratre design
procedurausingthe Mahalanobiglistancebetweerclassmeans.
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However they reportthat the binary tree classifierdoesnot improve on the per
formanceon a single-lesel classifier This may be dueto the fact that the one-shot
classifiermight be usinga moreflexible decisionboundary The authorsdo neverthe-
lesscreditthe treeclassifierwith the ability to selectfewer featuresat eachnodeand
thereductionof computationakffort whenclassifying.

3.6.2 Classoverlap and decisioncomplexity

It is importantto notethatall techniqueqexceptfor Lin andFu (1983)who usek-
NN) useeitherlinear, or quadraticdecisionboundariego discriminatebetweenclass
subseton either side of eachnode. Theseresultfrom maximumlikelihood Bayes
classifiersunder assumptionf Gaussiandistributions with equal, or unrestricted
covariancematricesrespectiely (seeSection2.6). It may well be the casethat the
datadoesnot adhereto theseassumptions. If classoverlapis allowed then more
thanonenodecancontributeto discriminationbetweerclasssubsetsThis effectively
allows a more complex decisionboundaryto be definedbetweenclassesvhich may
overcometheinflexibility of univariatelinear, multivariatelinearor quadraticdecision
boundaries.When using univariatelinear modelsthen classoverlapis essentiafor
goodclassificatioraccurag.

If no classoverlapis allowed then only one decisionboundarycan make the
distinctionbetweentwo classsubsetdeforethey are further discriminatedby lower
branches.In this caseit is importantto useappropriateechniquego ensurethat a
flexible enoughdecisionboundaryis usedat eachnode. This canbe achievedin two
ways- eitherby usinga moreflexible parametricdorm for the decisionboundary or
by using enoughfeaturesat eachnodesuchthat a linear decisionboundarymay be
usedeffectively. Theseissuesareaddressedh Chapterd which motivatesthe useof
the hierarchicalclassifierusedin this thesis. It is alsoshovn in Chapter4 thatif no
classoverlapis usedthenthereis afinite numberof decisionnodesn the hierarchical
classifierandby manipulationof the hierarchicalstructurethenthe compleity of the
decisionboundaryat any nodecanbe controlled. Dueto thefixed sizeof the treefor
a single problem,othertree optimizationtechniquesanbe usedto find the besttree
structureandthesearedescribedn Chapters.
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3.7 Relatedhierarchical techniques

In the previous sectiondecisiontree classifierswerediscussedegardingtheir useas
multicategory classifiers. This sectiondescribesseveral techniquesof interestthat
usea hierarchicalstructurefor modelling. Both the hierarchicalmixturesof experts
andthe hierarchicallatentvariablemodeldescribecbelov needto estimatdatent,or
hidden,variableshatrepresenthe mixture coeficientsbetweerthe submodelsn the
hierarchy This is not necessaryor the hierarchicalclassifierin Chapter4. Indeeda
mixturemodelmaybeusedfor eachnodein the hierarchybut, asexplainedin Section
4.7.1,the mixture coeficientscanbe calculatedusingthetrainingclasslabels.

3.7.1 Hierarchical mixtur esof experts

A hierarchicalmixturesof experts(HME) aspresentedy Jordanand Jacobg1991)

andalsoin (Jordanand Jacobs1994)is atree-structuredrchitectureor supervised
learning. The modelis composef a mixture of generalizedinear models,gatedby

mixturecoeficients. A modelcanbebuilt from amixtureof HME’s, thusthehierarchi-
calstructure.Thearchitectureeffectively splitsthefeaturespaceby a hierarchyof soft

splits (probabilisticasopposedo deterministic).The parameterarespecifiedusinga

maximum lik elihood learning, specifically the Expectation-Maximizatioralgorithm

where the mixture coeficients are treatedas unknavn latent variables. Hong and

Harris(2001)within thelSISresearclgrouphave extendedhis approacho automatic
parismoniougonstructiorof hierarchiedor preselectedtnowledgesources.

3.7.2 Hierar chical visualisation

Although not strictly a classificationsystem BishopandTipping’s hierarchicallatent
variablemodel(BishopandTipping, 1998)hasmuchin commonwith theprobabilistic
hierarchicatlassifierasdescribedn thisthesis.Usingprincipledprobabilisticanalysis
aprojectionsimilarto principlecomponentinalysiss usedto visualisea datasesuch
thatthe axesof largestvarianceare mappedonto the x-y plane. This revealsthe top-
level structureof thedatasetywhichmaythenbesplit furtherinto clusterginteractvely
by the user). Eachclustercanthenbe modelledby a similar projection. The division
of pointsto the chosensub-modelss performedby an algorithmformulatedinto an
Expectation-Maximisatioframenork whereeachpointis assigned soft partitioning
betweereachcluster Clusterscanberefinedinto furtherclustergesultingin anoverall
hierarchyof clustersthatrepresentshe dataset.
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At eachnodethe projecteddatacanbe visualised,andif thatnodehaschildren
thenthe 2-dimensionaplaneswhich representhe child clusterscanbe visualisedas
rectanglesn the original parentspace.

3.7.3 Unsupelwisedhierarchical clustering

Unsupervisedierarchicalclassificationis found both in the statisticaland machine
learningliterature,a goodreview paperfrom the statisticalsidebeing(Gordon,1987),
and(Ripley, 1996)coverstechniquegrom the machindearningside. Althoughmeth-
odsconsideredn thisthesisusesupervisedearning thereis awealthof techniquesn
thisfield thatmayaid this process.

Although this thesisis not attemptingto imitate humanthoughprocesses ary
way, it is interestingto notethatthereis evidencethat congnitve modelsin the brain
may be hierarchicalin nature. Ambros-IngersonGrangerand Lynch (1990) showv
thatwhensimulatingprimarybrainfunctionsthroughcomputationaheurobiologythat
thereis evidencethat the hierarchicalclusteringis beingperformed. Also motivated
from ahumanlearningperspectie, Ealey (Ealey, 1997)proposes hierarchicakreeof
self-oganizingmaps(SOMs)for languagdearning.Wordsarecateyorizedaccording
to featureson a coarse-lgel mapwhich is thensegmentedandeachdiscretecategory
is then processedy a finerlevel SOM using further features. Using a hand-coded
datasethat mimics a growing child’s increasingability to perceve the world, Ealey
shawvsthatthe featuremapsencodeanintuitive representatiofor eachword.

3.8 Class-dependenteatures

Theanalysisof class-dependeifiéaturedss a new andlittle studiedfield. Most classi-
ficationalgorithmsstrive to find a featuresetthat providesgooddiscriminationfor all
k classesn ak-classproblem.

In a 1999 paper Oh, Lee and Suen(1999) claim that their methodof class-
dependenteaturess entirely novel. To the authors knowledgethis paperis thefirst
to usethe term class-dependelfieaturesalthoughotherpapersdescribethe technique
of selectingspecificfeaturesetsto discriminatebetweensubsetof classegJia and
Richards1998).In factary algorithmthatbreaksak-classprobleminto acombination
of subproblem®n a subsebf the k classesyhich thenusesseparatdeatureextrac-
tors for eachsubproblemjs exploiting the fact that featurescanbe class-dependent.
However the explicit definition and analysisof class-dependerieaturesis yet to be
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widely acknavledgedin patternrecognition. In this thesiswe explore this definition
andcontributeto theinvestigationof class-dependef¢atures.

A review of hierarchicalttechniquesasalreadybeengivenin Section3.4, how-
ever in this sectionthosepaperghatstrictly acknavledgethe useof featureselection
for differentsubset®f classearereviewed.

In the nineteenseventiesand eightiestherewas muchresearclon decisiontree
algorithms.It waswidely recognisedhatby makingdecisionson subset®f theentire
featureset(Friedman,1977;Rounds 1980)thatthe featurespacecould be partitioned
by atreestructureto separatelatapatternsassociatedavith differentclasslabels. This
is motivatedfrom a probabilisticviewpointin Sectiord.1. Thisis in effectrecognising
that specificfeaturesubsetsare betterat separatingsomeclassegshan others. How-
ever, themotivationwaspredominantlyfrom the featurespaceperspectie, which was
beingsplit to find regionsof homogeneouslasspatterns.A moreexplicit paradigm
that exploits class-dependeri¢aturesconsiderghe selectionof classsubsetsandthe
featuresubsetghat canbe usedto discriminatethosespecificclassesA probabilistic
motivationis givenin Section4.2.

Evidenceof hierarchicalsystemghat considerdifferentfeaturesetsfor specific
subset®f classesanbefoundin papersspanninghelasttwo decadesThesetendto
fall into the categgory of multi-stage, multi-featue classificatioralgorithms.Theseare
describedelow.

In their designof a systemfor recognisingprintedHebrev charactersKushnir
Abe andMatsumoto(1983)madethe obsenationthatcertaingroupsof Hebrav char
acterswereverysimilarin their characteristicsTo avoid confusionin theclassification
systemthesecharactesubsetsverediscriminatedisingacoarseclassificatiormethod
basednend-pointanalysis.Thenfor oneof thesubseta geometricafeatureextractor
wasusedto discriminatebetweemrmembersf the subsetandfor the others,specific
featuresn a Houghtransformspacewereselecteddependingon the subseto be clas-
sified. Thisis in principle usingclass-dependeffiéatureso improve performanceon
amary-classproblem. The authorsdescribethe techniqueasproblemdimensionality
reduction,asthe discriminationtaskswithin eachclasssubsetrequiredfewer features
thanattemptingthewhole problematonce.

Zhou andPavlidis (1994) presenta multi-stageprocesdor characterecognition
wherethe problemis brokeninto a two-stagerecognitionprocessPolygonalfeatures
areusedin the coarseclassificatiorphaseandthencontourfeaturesareusedto further
discriminatethe coarsdevel classificationsAgain thisis recognisinghe needfor dif-
ferentfeatureextractorsto be usedfor differentstagesn therecognitionprocessThis
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is usingthesamemotivationasfor theuseof class-dependeffeaturesn ahierarchical
framework.

The above multi-level classifiersdo indeedrealisethe benefitsof considering
certainfeaturego bemoreexpressve for certainsubset®f classeshoweverthe multi-
level architectureshatareproposedareall manuallydesignedandconsistof no more
that 2 levels of classification. The algorithmsproposedare particularly application
dependent.

Using a more generalapproachlia and Richards(1998) shav that when using
theprogressie two-classdecisionclassifierwhichis aform of pairwiseclassifier that
the numberof featuresselectedfor eachnodeon a 4-classproblemis considerably
smallerwhen featuresare selectedindependentlyfor each2-classdecisionand the
classificatioraccurag is greatey whencomparedo discriminatingall four classest
once. The motivationbehindthis is thatthe simplerdecisionboundariebetweerpair
of classesarenot dependenon the compleity of the mostcomplex classpair, which
is the casefor single-layermulticategory classifiers. Theseideasare built uponin
Chaptergt and6 andnovel analysiss presentedor relatedalgorithms.

3.9 Summary

In this chaptera review of multicategory classifiershasbeenpresentedshaving the
traditional one-ofn approachywith criticism. Alternative approachesverereviewed
including pairwise classifiersand tree-basedr hierarchicalapproaches.There are
mary differentapproache® designinga hierarchicaklassifierandthe mostimportant
of thesedesigndecisionshave beendiscussedsuchasthe form of the decisionrule,
theform of thetree- notablywhetherclassesreallowedto appeamorethanoncein
thetree(allowing classoverlap),andthe procedureusedto designthetree. The prior
researclpresentedh this chaptershavsthatmary of theissuesof multicategory clas-
sification have beeninvestigatedand mary differentalgorithmshave beenproposed
over the last few decadedut what is lacking is a commonframework in which to
placethesediversealgorithms.

This thesisaddressethis problemvia a probabilisticformulationthat provides
a strongframewvork on which multicategory classifierdesigncan be based. This is
presentedn the next chapterand providesa consistenfparadigmfrom which mary
multicategory classificationalgorithmscan be designed. The conceptualifference
betweenallowing classoverlapin a hierarchicalclassifieris broughtout clearly, and
mostnotablyequialencedetweernthe one-ofn, pairwiseandhierarchicalclassifiers
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is shovn undercertainassumptionsThis thenallows thesealgorithmsto be investi-
gatedin termsof their compleity asthe numberof classesncreases.

In addition, a review of class-dependerieatureswas presentedn this chapter
andalthoughmary of the papersoutlineddo not actually statethe useor analysisof
class-dependeméaturesthey have beenshavn to usethe samemotivationthatleads
to the definitionanduseof this term. This is further exploredin Chapter6 usingthe
novel interpretationof conditionalindependencandexperimentalresultsin Chapter
7 show thatthe useof class-dependerfiéaturess advantageousor severalclassifiers
thatbreakthek-classprobleminto a setof binary problems.



Chapter 4
Multicategory classification

In this chaptera new taxonomyof multicategory classifications offered,basedn the
formulationof the posteriorprobabilitiesandthe methodof decomposing comple
probleminto manageablsubproblems.

Thereare mary waysto approacha multicategory classificationproblem. Two
principle approachesxist dependingon whetherthe input spaces to be decomposed
into managablsubregjions,or whetherthesetof classe$s decomposethto managable
classsubsets.This distinctionis seldommadeandthis thesisis concernedvith the
explicit studyof multicategory classificationandmorespecificallythe decomposition
of the setof classesQ?!.

In Chapter2, the conditioningon the setof classedor a classificationproblem
was madeexplicit so that the multicategory classificationtask can be consideredas
a decompositiorof the setof classes.For completenesspne shouldalso condition
the posteriorson the region of the input spaceover which the classificationtask is
valid. For a real-\aluedfeaturespaceof dimensiond, this is usuallyRY and since
it is constant,t is often omitted from the formulation of the posteriorprobabilities.
However, whenthe conditioningis madeexplicit by writing P(w |x, R, Q), whereR
is the setof regionsover theinput space pnecanreasommoreclearly aboutclassifier
design.

Againtheproblemis to estimateaheposterioristribution, thento applyadecision
rule. The maximuma posteriori(MAP) decisionrule is the only oneconsiderechere,
which statesthatonceP(wy|x, R, Q") hasbeenfoundfor all i, simply choosethe wy
with the highestposterior This hasthe advantagethat certain posteriorswith low
probability neednot be computed,however if a differentdecisionrule, or arything
otherthanthe 0/1lossmatrix is usedthenall the posteriorseedto be evaluated.This
issueis touchedon againin Section4.10.2.

56
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In the next sectionit is shovn that a decompositiorof the input spaceleadsto
popularclassifierdor multicategory classificationandin the subsequengectionst is
shawvn thatthe setof classecanbe decomposedyhich leadsto otherpopularmulti-
cateyory classifiemparadigmsTheseparadigmsarethencomparedndit is shovn that
themostpopularmethodtodayis notthe bestchoicein mary aspects.

4.1 Decomposingthe input space

Onemethodof determiningthe posteriorprobabilitiesfrom the training sampleis to
usea local estimateof the posteriordoy dividing the input spacento regions,anduse
the obsenation vector x to determinewhich local region is of interest. Thenusea
simple frequeng estimateof the posteriorusingthe labelledtraining pointsin that
region. In this section,whendecomposinghe input spacethe setof classe?! is
constantandonly appearsn the right-handside of the conditioningbarsoit may be
droppedfor brevity.

TheinputspaceRP is partitionedinto a setof regionsR= {rq;q=1,...,m} such
thateachrq is distinct:

m
Nrq = 0O, (4.1)
g=1

andall rq form acompactpartitionof R:

g=1
We cannow write
P(@XR) = 3 P(w,rgX) (4.3)
g=1
= P(ax|rg,X)P(rg|x). (4.4)
=1

However, P(wj|rg,X) is notary easieito estimatethanthe original P(w, rq|X) because
it still depend®ntheexactvalueof x, butit canbesensiblyapproximatedy P(wj|rq)

giving
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m
P(w|x,R) = 21 P(wi|rq)P(rq|x). (4.5)
=
This is a sensibleapproximationsinceas the numberof regionsincreasesandtheir
volume decreaseghat the approximationapproacheshe exact value for an infinite
training set. However, for a finite training set, therewill be a point at which the
generalisatiorrroris maximised andincreasinghenumberof regionswill thereafter
causeoverfitting. Thisis themotivationfor pruningin decisiontreeclassifiers.
Sinceall rq aredefinedto bedisjointthenP(rq|x) will beunity only for theregion
in which x lies. Thisis written

1 ifxer
P(rg|x) = d 4.6
(q| ) { 0 otherwise. (4.6)

In this casewe needonly evaluateoneterm of the summationin Equation4.5.
This effectively statesthat via a decompositiorof R into the disjoint set of regions
{rq;0=1,...,m} we canapproximatethe global posteriorP(wi|x, R) by a local pos-
terior P(wi|rq) giventhatthe query point x lies within region rq. This is how mary
popularmulticategory classificatioralgorithmswork andthey aredifferentiatecby the
methodusedto decompos®.

A k-nearesheighbour(kNN) classifiercanbe saidto estimatea local posterior
for eachclasswithin a region specifiedaboutthe query point. The region and its
complemenform a disjoint partition of the input space put the region’s complement
neednever be consideredby virtue of Equation4.6. The region r is specifiedby
finding the hyperspheren R centeredon x with a radiussuchthat exactly k points
from the training samplelie within the hypersphere.The value of k is chosenusing
anappropriateestimateof thegeneralisatiopeformancesuchascross-alidation. The
local posteriorsare estimatedwithin this region by P(wi|r) = nj/k wheren; is the
numberof pointsfor classw; within theregion. The classwith the highestposterioris
chosen.

A decisiontreeclassifieralsooperaten a decompositiorof the input spacebut
in this caseeachregion rq in theinitial partitionis decomposedurther In Equation
4.4,thevalueP(wj|x,rq) wasapproximatedhowever analternatve methodis to form
afurther partition of rq. Eachregion rq is thenpartitionedinto a setof regionsrq =
{rgp;p=1,...,mg} suchthateachrq is againdistinct,ﬂgiqu =0 andall rq form a
compaclpartition,U::;iquID = Iq. Againwe canwrite
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P(wxi|X,rq) z P03 [rgp, X)P(rqp|X). 4.7)

For a continuousspaceR, eachregion may be partitionedfurther until a final
approximations madeasin Equation4.5. Therelationshipetweenheregionsand
their partitionscanbe represente@dsa treediagramasin Figure3.10. A classifierof
this type is known asa decisiontree classifier(DTC) using soft decisionnodesand
a greatdeal of researcthasgoneinto DTCs. A goodreview paperis (Safvian and
Landgrebe1991).

It is widely acknavledgedthatoneadwantageof this hierarchicaldecomposition
is thatthe partitioningof aregion neednotbe dependenbn every elemenif theinput
vectorx. In otherwords,the boundariedetweenpartitionsmay be parallelto oneor
moreof theaxesof theinput spacelt is oftenthe casethata severerestrictionis made
whichrequireghatthe boundariesareorthogonato oneaxisandparallelto all others.
The natureof the partitionsis shovn in Figure 3.8 for atwo dimensionakpace.This
type of decisiontreehastheadwantagehatthe modelcanbewritten asa setof rulesof
onevariable. This is saidto beinterpretableby the userbecausehey canunderstand
thereasonsehindthefinal classificationoutputby readingthe rulesthat contributed
to thatdecision.Howevertherestrictionof axis-orthogonasplits canfirstly leadto an
unmanagableumberof rulesfor a complex problem,and secondlycanimposetoo
highamodelbiasandrenderthe modelsoutputsinaccurate.

Theimportantissuehereis thattheinput spaces beingpartitioned,andthe pos-
terior probabilitiesfor eachclassis estimatedor a definedregion of this space These
posteriorscanbe calculatedby a simplefrequentisiapproachgiventhetrainingpoints
thatfall in thatregion. It is oftenthe casein sucha restrictedregion the posteriors
for mary classesarezeroanda decisionis madebetweenonly a few classes.in fact
the algorithmspresentedn (Quinlan,1993)strive to find a tree-basegbartition such
thatall thetraining pointswithin thatregion belongto the sameclass.Thisis aresult
of partitioningand not throughdirect manipulationof the setof classes.In the next
sectionthe alternatve approachis shavn wherebythe setof classess decomposetb
solve the multicategory classificatiorproblem.

4.2 Decomposinghe setof classes

Returningto the original problemof estimatingP(w|x, R, Q2"); we canfollow oneof
severalapproachethat,insteadof decomposingheinput spaceanto regions,usesthe
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principle of decomposinghe setof classesQ?2!, into subsetsindthenestimatingthe

posteriorsvia thesedecompositions By far the moststraightforvard approachis to

estimatethe posteriordor eachclassdirectly, andthis canbeinterpretedasa setof k

models onefor eachclasswhereoneclassw, is discriminatedagainstheremaining
classesQPers= {(;; V| # i}. Theith modelis parameterisetb discriminatebetween
w and Q"' and outputsthe posteriorprobability for . Again the classwith the

highestposteriomprobabilitycanbe chosen.

This methodwas adoptedin the early daysof artificial neuralnetworks asthe
generalisationf a2-clasgproblemto ak-classproblemwhenusingperceptronsyhich
have sincebeenshownn to be equivalentto linear discriminants. This approachwas
upheld as multi-layer perceptronsvere developed,and still holds for the standard
formulationof a multi-layer perceptrortoday In this contect, the methodof discrim-
inating oneclassfrom n classess calledthe one-of-ndecomposition However other
methodshave existed for sometime, suchasthe hierarchicaldecomposition(not to
be confusedwith decisiontree classifiersas mentionedin the previous section),and
pairwisediscrimination. However, the relationshipsbetweenthesetechniqueshave
beenlargely ignored. A consistenframewnork usingstatisticalpatternclassifications
presentedherethatdrawns thesetechniquesogether

Thesefall into threecatagories:

e One-ofn - separaténto k problemsof oneclassagainsttherest.
e Hierarchical separatento k— 1 recursve binary partitions.

e Pairwise- separaténto k(k— 1) /2 problemsbetweerall pairsof classes.

Oneof the mostimportantissueshereis thatin eachcasea k-classproblemcan
bereducedo asetof 2-clasgproblems.Many classificatioralgorithmsarespecifically
designedto solve 2-classproblems,and thesemay be usedeffectively. Principled
approacheto the decompositiorof the mary classprobleminto binary decisionsand
therecombinatiorof modelsaregivenfor eachcasen the sectiondollowing.

Consideringthe decompositiorof the input space presentedn Section4.1 and
the decompositiorof the setof classegpresentedn this section,a novel taxonomyof
multicategory classifiergoresentedThisis shovn in Figure4.1.

4.3 One-ofn partitioning

If onewerethento usea setof binary classifiergo distinguisheachclassin a k-class
problem thenthemostcommonchoicewould beto train asetof k classifierssuchthat
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eachonediscriminateneclassfrom the remainingsetof classes.

In this casethe subsetR! andQ!, i = 1,...,k, for the k modelsare definedas
follows:

Q= {w}, (4.8)

Q = {w;;Vj#£i} (4.9)

This canbe thoughtof asdistributing the probability value of P(Q2"), which is
alwaysunity, betweenthe individual classelementsP(w;|x), accordingto the obser
vation, x.

Qall

o
GG C « « o C

Figure 4.2: Usingasinglenodeto discriminatek classes

It mustbe stressedhattherearetwo approache$o the one-ofn decomposition,
firstly whethera separatemodel is usedfor eachof the k problems,or secondly
whethera singlemodelis usedto maptheinput spaceto anew ‘hidden’ featurespace
andthenk modeloutputsareusedto solve the one-ofn problem. This is the sameas
trainingk MLPs with oneoutput,or trainingone MLP with k outputsrepsectiely. It
mightbequickerto trainasingleMLP, but it will bearguedin Chaptel6 thatdifferent
featuresshouldbe usedfor eachdifferentmodel,andby the sameargument,different
hiddenfeaturespacesshouldbe usedfor eachmodel. This adwcatesthe useof k
differentmodelswith oneoutputeach.

4.4 Hierar chical partitioning

Hierarchicalpartitioningis achiezed by splitting Q2 into subsetsand then splitting
thesesubsetsntil no furthersplitting is possible.Thisis describedn this section.

This set of classesis partitioned (for the momentarbitrarily) into s subsets,
QS q=1,...,s. Thepartitionis disjoint,
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S
na® = o (4.10)
g=1
andcomplete,
S
Uog® = o (4.11)
g=1
Onceagainwe canwrite
[ > b
P(ai|x, Q%) =% P(w;,Q3") (4.12)
G=1
> b b
= ZlP(wi\Qa”,x)P(Qa“ 1X) (4.13)
q:

andsincethe classsubsetsarenon-overlapping

1 if wy € Q§°

. (4.14)
0 otherwise.

P(w|Q3"x) = {

This allows usto reducethe summatiorto a singleterm:

P(wilx, Q%) = P(|Q5"x)P(Q5"x), wherew € Q3. (4.15)

If we setm= 2 then P(Qé”b\x) canberepresentedby a binary classifier Then,
if Qé“b hasonly two classmemberghen P(wy \Qé“b, x) canbe modelledby a binary
classifier otherwiseit canbe further partitioneduntil all problemscanberepresented
by binaryclassifiers.This follows muchthe sameagumentasthetree-basedlassifier
describedn Section4.1, exceptno approximation$iave beenmade,andthe depthof
thetreeis finite anddepend®n the numberof classesin factit canbe shovn thatthe
numberof binarymodelsneededs alwaysk — 1.

In ourformulation,no suggestiomasbeenmadehow to modelthe posteriomprob-
abilities, andthe partitioning of classesnto subsetavaschosenarbitrarily. In factif
theprobabilitiescanbe modelledperfectlythenthenthe choiceof the partitioninginto
aclasshierarchyis arbitrary sinceno approximationsveremadein theabove analysis.
In this casetheresultingposteriomprobabilitiesareequialentto thosegeneratedising
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N

1
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10,395
135,135
2,027,025
34,459,425
654,729,075
13,749,310,575
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Table 4.1: Numberof possibletreesfor problemsof k classes

the one-ofn partitioning. However, in themorerealisticcaseof imperfectmodelsand
finite datathenthechoiceof theclasshierarchywill have someeffectontheevaluation
of thefinal posteriorprobabilities.The next sectionwhich considerghe complexity of
choosinganappropriatelasshierarchy Chaptels dealswith this structuradenfication
problemin detail.

Although in the caseof infinite datathe classhierarchyis arbitrary when pre-
sentedwith a real problemthe choiceof classhierarchyplaysan importantrole in
the accurag of the hierarchicaldecomposition.The numberof permutationf the
hierarchycanbe computedby a simpleproductof the oddintegers.

Thesimplesttreehastwo nodes.Therearethenthreewaysof addinga new node
to thistree,eitheraddingit ontheleft branch to theright branch,or by creatinga new
root nodewith the new classon onesideandthe existing treeon the other It canbe
shown thatfor a generaltreeof k classesthatthereare 2k — 1 waysof addinga nev
node.Thenumberof possibletreesfor a problemof k classess then:

k—1
Nk = 2n—1.
n|:|1

Thenumberof permutationgor k= 2,...,12areshavnin table4.1.
Obviously for problemsof mary classeghis numbergrows very quickly. Asides
from an exhaustve searchthereare no generalmethodsof finding the optimal tree.



CHAPTER4. MULTICATEGORY CLASSIFICATION 65

Methodsof finding nearoptimaltreesin the spaceof all treesarediscussedn Chap-
terS.

4.5 Pairwise discrimination

The pairwise discriminantclassifierworks on the simple principle that eachclass
should be comparedto eachother classseparatelyand the classthat hasthe most
favourablecomparisonss choserastheoutputclass.Many versionsof this algorithm
(Friedman,1996; Jia and Richards,1998; Kressel,1999) use hard classifiersthat
have only binary outputsandthe choiceof combinationschemevaries. Herewe use
probabilisticoutputs.

In this casethe subset€);; for thek(k— 1) /2 classsubsetsredefinedasfollows:

Qij = {0} (4.16)

wherei and j are chosensuchthat all classpairs (except wherei = ) are con-
sidered. Only half of the k(k— 1) modelsneedto be trainedsince P(w|Qjj,x) =
1—-P(wx]Qji, X).

W | G | W3 | W
w | nfa| Qup | Qi3 | Q4
wp | Qo1 | nfa | Qa3 | Q24
w3 | Q31| Q32 | nfa | Qz4
Wy | Qa1 | Qa2 | Qu3 | nla

Table 4.2: Pairwisesetsof classegor afour classproblem

The pairwiseclassifierdoesnotlenditself to the sameanalysisasthe hierarchical
decompositiorbecausehe classsubsetso longerform a disjoint partition dueto the
factthatthereis overlapbetweerthe subsets.

Neverthelessve canwrite

P(ailx, Q) = P(a|x, Qij)P(Qij|x, Q2"). (4.17)

This canbe averagedover all the classpairing betweenclassw; and the other
classess,
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P(i[x,0) = kfll;P(mX,Qij)P(nij\x,Qa”) (4.18)
| A

Remarkablyin practicea very accurateclassifiercanbe implementedoy simply
usingtheaverageof theposteriorgyivenby eachmodelfor all pairingsof a class given

by

P(wx, 0% = kfllép(mx,gij) (4.19)
A

It is shawvn herethatsucha classifierresultsin the optimumadecisionboundaries
for neighbouringclassesThis explainsthe exceptionalresultsshavn by the pairwise
classifierin practice thoughat the costof traininga numberof modelsin the orderof
K.

If we ignorethe factthat a classifiershouldoutputa posteriorprobability value
andwrite the outputof the pairwiseclassifiersimply asa function of x for eachclass
wy as

() = kfllgpmwx,nu), (4.20)
A

thenthe decisionboundarybetweerclassesv; andwy is thelocusof pointswhere

fix) = f(x). (4.21)
SinceP(wy, Qjj|X) = P(wi|x) andP(Q;j|x) = P(wi|x) + P(wj|x), it is truethat

P(w, Qij[X)

@b = g

P(w3x)
— 4.22
P(wi|x) 4+ P(wj|x) ( )

This allows usto write 4.21as
1 1

. (4.23)

P(w1X) p;l B(eonX) + P(on¥) = P(wp|x) qu P(w2X) + P(wq|X)

Thisis truewhenP(wy [x) = P(wy|x), which of coursedescribeshetruedecision
boundarybetweerthetwo classesvhenusingthe MAP decisionrule. Thisshavs that
the modelgivenin Equation4.20is equivalentto the optimal model, given that the
individual classposteriors?(wj|x) aremodelledcorrectly
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4.6 Comparisonof techniques

It hasbeenshown that mary classproblemscanbe decomposedia differentmeans
into binary classproblemswhereindividual modelscan be learnt and their output
combinedin a principled manner However it is importantto considerthe nature
of thosebinary classproblemsto be ableto selectsuitableclassifiermodelsat each
node. It is of coursequite acceptableo selectdifferenttypesof modelfor ary of the
binary classificationsbut for the momentthe assumptions madethatthe modelsare
homogeneouacrossll partitions.

It is shavn below thatthe hierarchicaland pairwisedecompositionganlinearly
separateary problemthat a one-ofn model canlinearly separate.Thenin the next
section,usinga moreintuitive analysis the separatiorpropertiesof eachdecomposi-
tion is considered.This alsoillustratesthe effective decisionboundariesonstructed
by eachglobalmodel.

It is usefulto definelinear separabilityformally to investigatehow eachof the
threeclassdecompositionsanseparata setof k classes.

Two setsof classex)! andQ" arelinearly separabléf a vectorw canbe found
suchthat:

w'x; > 0, ¥x € Q (4.24)
wix <0, Vx e Q" (4.25)

For asinglenodeclassifierusinglineardiscriminantgo achieve perfectclassification,
eachclassmustbe linearly separabldrom the rest. We candefinea function S such
that:

1 if Q' andQ" arelinearly separable
aQI , Qr) — . y p
0 otherwise
Thena one-ofn classifiercanonly achieve perfectclassificatiorusinglineardis-
criminantsif a classwy andthe setof remainingclassesﬂf’thers: {wj,Vwj # w}, are

linearly separabldor all classes:

S(wy, QMY = 1, vy € Q. (4.26)

It is straightforvardto shaw thatif Equatiord.26holdsfor asingle-nodeslassifier
thenthe hierarchicalclassifiercanalso separatehe data. Simply split Q2 into two
subsetsQ' andQ" suchthat:
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Q = w and (4.27)
Q" = {wj,Voj #w}. (4.28)

The subsetQ" canthenbe split further by virtue of Equation4.26, leadingto a full
hierarchicadecomposition.

Howeverthe corverseis nottrue,a setof classesvhich canbelinearly separated
by a hierarchycannotalwaysbe separatedby a single-nodeclassifier Thisis evident
from Figure4.3. Theclassesv, to w4 canbelinearly separatedor eachclassandthe
remainingclasses.However, if the classws is introducedthenthis is no longerthe
case A hierarchicaklassifiercanstill separateheseclassedinearly asshawn.

\\ Node 2

©). @ ©) @
Node 35— @

*’@ o

Figure 4.3: Exampleof linearseparabilitywherethe one-ofn modelfails. Left: Fourlinearly
separablelasseswith asingleone-ofn decisionboundaryRight: Five classeseparatety a
hierarchicadecompositionthe decisionboundaryfor eachnodeis labelled.

Thisalsofollowsfor thepairwisedecompositionvhich by asimilarargumentcan
alsolinearly solve ary problemthatthe one-ofn decompositiortansolve usinglinear
decisionsAgain, if Equatiornd.26holds,thenwy mustbelinearly separablérom each
individual wj, j #1i.

It mustthenbethecasethatsimply by usinga hierarchicadecompositionwe can
linearly separatea greaternumberof datasetshanseparatinghemusinga one-ofn
decomposition.This is investigatedurther in the next section. In factfor classeof
onepointit canbe shovn thatary setof classesanbe separatedby the hierarchical
decompositiorof points.

4.7 Linear separability for many classes

It is importantto analysehow linear separabilityis affectedasthe numberof classes
increasedor both the one-ofn outputencodingandthe hierarchicaldecomposition.
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Analysisof thepairwiseclassifieris consideredn Sectiond.7.1sinceit is difficult here
to illustrate the individual decisionboundariedor eachof the k(k— 1) /2 classifiers.
Firstly the simple problemwhereeachclassis representetby a singlepointis exam-
inedsincethisavoidsproblemsof classoverlapanduncertainty In factary two classes
of onepointarelinearseparableynlessthey lie onthe samepoint,in which casethey
may aswellbe the sameclass.It will beshavn thatin thelinear casethe hierarchical
decompositions by far the moreflexible modelin thatit canrepresentll problems,
whereaghe one-ofn encodingcanonly represena smallsubsebf problems.

In the next sectionthis will be developedfurtherfor the family of effective non-
linearmodelsknown asgeneralisedineardiscriminants.

Whenconsideringlasse®f only onepoint, theproblemof linearseparabilitycan
beinvestigatedolelyin termsof thenumberof classesvithoutbeingdistractedy the
linear separabilityissueshatarisefrom the overlapof classesvith mary points. The
following argumentis illustratedin Figure4.4.

For eachrow in Figure 4.4 therearethreediagramsthat illustrate, from left to
right, possibleproblemswhich canbe separatedisinga one-ofn decompositionthen
problemsthat cannotbe separatedn sucha way, andfinally the sameproblemas
solvedby a hierarchicaldecompositionDecisionboundariesredravn assolid lines,
andfor illustrative purposeghe hierarchicaldecisionboundariedor nodescloserto
theroot of thetreearedravn aslongerlines.

Eachrow representsa problemwith more classes. As the numberof classes
increase# canbeseerthattheone-ofn decompositiorcanonly solve problemswvhere
eachof theclassesormspartof theconvex hull of all classeslf anew classfallsinside
thecornvex hull (row 3), or is addedsuchthatanotherclassfalls insidethe corvex hull
(row 4) thenthe problemcannotbe solved by alinearone-ofn outputencoding.This
is asevererestrictionandit is unlikely thatin space®f low dimensionthatall classes
will form partof the corvex hull. Thusit is only likely thata linear discriminantwill
only be effective for mary classesn a high-dimensionakpacesincethe corvex hull
propertyis morelikely if thedimensionalityof theinputspacds increased.

However all problemsof this type canbe solved using a hierarchicaldecompo-
sition suchthat the setof classeds recursvely partitionedinto two subsetswvithout
necessarilyncreasinghe dimensionality

The limitations of the one-ofn decompositiorare a result of the restrictionof
linear separabilityin low dimensions.t is shavn below thatthis canbe overcomeby
simply transformingthe spacenon-linearlyinto a featurespaceof higherdimension.
To overcomehelinearone-ofn problemin theprevioussectionit is sufficientto define
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1-of-n separable classes Non 1-of-n separable classes Classes separated using hierarchy

Always
Separable

Figure 4.4: Separatinglasse®f onepointusingone-ofn andhierarchicalinearmodels

asetof basisfunctionsof theform:

z—e % fori=1,... k (4.29)

wherek is thenumberof classesx andc; arerespectrely theinputpointandthesingle
classpointsin theoriginal input space.

This transformsthe probleminto a spacewith k dimensionghatguaranteeshat
eachpointin z-spacdormspartof the corvex hull sotheone-ofh outputencodingcan
be usedto separatehe classes(This canbe seenby thefactthateachz will beequal
to its maximumvalueof 1 only for its respectre classw;. Thuseachclassmustlie on
the convex hull in k-dimensionakpace).
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The disadantageof this approachs thatlearningnow hasto be donein amuch
higherdimensionakpacewhichwill increaseasthenumberof classesncreasesThis
is not the casefor the hierarchicalmodelwhich hasthe advantagethat the problems
learntat eachnodeareonly ascomplex asnecessaryn this casdinearmodelscanbe
usedin theoriginalinput space providing simplerandmoretranspareninodels.

4.7.1 Classesf morethan onepoint

Oncethenumberof pointsin eachclassincreaseshe problembecomesnorecomple
asthereis the possibility thatthe pointslie in suchaway thatary two classesrenot
linearly separablelt may even be the casethe the spreadof classpointsoverlapfor
two of moreclassesn suchawaythatnomodelcanseparat¢hemandthereis genuine
ambiguitybetweerthe classeslin this casea probabilisticapproachs anappropriate
form of uncertaintywhereposteriorprobabilitesfor eachclassareoutputbeforeusing
a decisionrule to decidewhich classto choose.Probabilitydensityfunctionscanbe
usedto describeeachclassandif thesedensityfunctionsareassumedo be Gaussian
andof equalcovariancdor all classesthentheanalysiss equialentto thesingle-point
classeswherethesinglepointis the meanof the distribution.

To illustratethe behaiour of the algorithmsusinglinearandnon-linearmodels,
thedecisionboundariesesultingfrom eachclassdecompositiorareshovn in Figures
4.5and4.6for increasinghumbersof classesilt is plainly shavnthatwhenusinglinear
discriminantclassifiersthat the resultantmulti-classdecisionboundarieslegenerate
for the one-ofn decompositionywherethe hierarchicaland pairwisedecompositions
copeadequatelyalthoughthe eachdoesimposeit’s own ‘flavour’ to the natureof the
decisionboundaries.

It is interestingto studythe decisionboundariesesultingfrom eachdecomposi-
tion using a Bayes’ classifierunderthe assumptiorof Gaussiardistributed classes.
This is shavn using the samedatasetas previously in Figure 4.6. (The datawas
generatedising a proceduredetailedin Section7.2.1.) In this casethe assumptions
for the classifiersusedin the one-ofn and pairwise decompositionsare not being
broken, andthis is seenby the similarity betweenthe resultingdecisionboundaries.
The hierarchicaldecisionboundariesare however different, and this can be readily
explained.

The hierarchicalclassifierusing GaussiarBayes’ classifierswill attemptto es-
timate the meanand covarianceof the left and right classsubsetsQ; and Q, via
Equation2.7and2.8. WhenQ, andQ, containonly oneclasseach thenthis results
in the optimum classifierfor the two classessince eachclasshasbeengenerated
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One-ofn Hierarchical Pairwise

Figure 4.5: Decisionboundariesisinglinearnodes
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One-ofn Hierarchical Pairwise

Figure 4.6: DecisionboundariesisingGaussiamodes
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from an unknavn Gaussiardistribution. However, for classifiersin the hierarchical
decompositiorcloserto theroot, therewill be multiple classesn Q; andQ;. In this
caseheassumptioof Guassiamistributedclasspointsis beingbroken,sincetheclass
pointsaremostaccuratelymodelledby multimodal Gaussiardistributions,otherwise
known asa Gaussiammixture model.

In this case the optimum class-conditionatiensityestimateP(Q |x, Qq) canbe
calculateddirectly. Usually whenestimatingthe parameter$or a mixture model,the
mixture coeficientsare unknovn. But herethe mixture is known sincewe are esti-
matingthe densityof a setof classesywhereeachclasspointis labelled. The mixture
densitycanbewritten

P(Qix,Qq) = 5 P(wix,Qq) (4.30)
WEQ
P(x|ax, Qq) P(3Qq)
mgm P(x|Qq) . (4.31)

In this casethe P(wi|Qq) arethe mixture coeficientsandthesearereadily calcu-
lableas

P(wi)
Zw]‘EQq P(wl) .

If the classifiersusedto generateéhe decisionboundariegor the hierarchicalde-
compositiorweremixture densityclassifierausingEquation4.31thenthe hierarchical
classifierwould be equialentto the one-ofn classifierand shov the samedecision
boundaries.

P(w|Qq) = (4.32)

4.7.2 Summary

It mustbe stressedhat only a subsetof problemsreally are linearly separableand
in practiceit is seldomthe case.More flexible modelsare neededandthesewill be
consideredn the next section,however the needfor moreflexible modelsshouldbe
properlyunderstoodeforeselectinganappropriatenodelfor the problem.
Therearetwo basicneeddor moreflexible modelsin classification:

e To overcomehenon-linearlyseparabl@atureof problemsbetweertwo classes.

e To overcomethe deficiencief the one-ofn decomposition.
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It hasbeenshownvn thatwhenthereis only onepointperclass(i.e. perfectlylinear
separablanodelsand no ambiguity) that the decompositiorof the setof classess
important. Hierarchicaland pairwise methodsare by far more suitablefor mary-
classproblemsthan the traditional one-ofn decomposition. One might argue that
usinga moreflexible modelsuchasoneof thefamily of non-lineardiscriminantscan
overcomethis problem.The authorsuggestshatoneshouldusemoreflexible models
to overcomethe problemsof non linear separabilitybetweenpair of classesandthat
the hierarchicalor pairwise decompositiorshould be usedto solve the mary-class
problem.

4.8 Generalisedlinear discriminants

The transformationof the input spacevia a setof basisfunctionsgivenin Equation
4.29is anexampleof ageneralisedineardiscriminant,n this casespecificallyaradial
basisfunction classifier Generalisedinear discriminantsare animportantfamily of
modelsandit is importantto investigatehe effectsof usingthesemodelsin eachclass
decompositiorparadigm.

Generalisedinear discriminantsare so called becausdhey all usea linear dis-
criminantasa final outputlayer. This outputlayeractson a spacewhich is generated
by theactionof a non-lineartransformof theinputs. The differenttypesof generalised
linear discriminantsresultfrom usingdifferentnon-lineartransforms.In this section,
theissuegesultingfrom multicategory classificatiorusingmulti-layer perceptronsre
shawvn, a similar agumentfollows for othertype of generalisedinear discriminants
suchasradialbasisfunctionclassifiers.

A multi-layer perceptron(MLP) usuallyconsistsof ainput layer, a hiddenlayer,
andan outputlayer The hiddenlayer transformsthe inputsinto a ‘hidden’ feature
spacevia ridge functions (of the sameform asa linear discriminant)and then per
formsthefinal outputusinga lineardiscriminanton the hiddenspace.(The choiceof
activationfunctionmaydiffer dependingon the specifictype of MLP used).

A simpleanalysisof how a MLP behaesfor multicategory classificationcanbe
doneby analysingsimpletwo-classandthree-clasproblems.The two-classproblem
is shavnin Figure4.7. Thediagramshaows the outlinesof two classegall classpoints
lie within the outline) andthe two ridge functionsneededo separatehe two classes.
In this sectionthe notationC; is usedto labeltheith class to avoid confusionbetween
wy previously usedfor classesindw;j usedfor weights.

The MLP is definedby the actionof the hiddennodesandthe outputnode. The
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hiddennodesaregivenby:

@x) = m’ (4.33)
BE) = (4.3

1+ e (whxby)’

wherew!" is the weight vector and bf? is the biasterm for the ith hiddennode. We
shallassumehatthe weightsof the hiddennodesareadjustedsuchthatthey describe
the ridge functionsshawn in Figure4.7. It is then sufficient to determinevaluesof
the hiddento outputweightsthatcandiscriminatethetwo classesn thenew ‘hidden’
featurespace.

Theactionof the outputnodeis givenby:

yi1 = 9g(a) (4.35)
a1 = W l(x) +WEp@(x) + b, (4.36)
whereg(a) = # vv,°J is the jth elementof theith outputweight vectorandb? is

the ith outputbiasterm. (Herethereis only one outputvector). The outputcanbe
interpretechstheposteriomprobability of classCy, P(Cy1|x) =y andP(Cy|x) = 1V, if
the MLP is trainedusingthe mean-squaredrrorfunction (Bishop,1995).
Thethreeclassproblemis shovn in Figure4.8. An extraridgefunctionis needed
to separat¢henew classin inputspaceandanextratwo outputsareneededo compute
the one-ofn outputencodingfor morethantwo classes.
The extrahiddennodewhich definesthe new ridge functionis givenas:

T (4.37)

1+ e*(Wg)H”bg) ’

andtheoutputsarenow formulatedas:

y1 = 9(a1) (4.38)
Y2 = g(a) (4.39)
y3 = g(as) (4.40)
a1 = WHE(X) +W@B(x) + Wiy (x) + b2, (4.41)
az = W30 (X) +W3,@h(X) + W@ (x) + b3, (4.42)
ag = WA (X) +W3@h(X) +Waa@(x) + b3, (4.43)
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Figure 4.7: Separatingwo classesisinga multi-layerperceptron
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Figure 4.8: Separatinghreeclassesisinga multi-layerperceptron
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Model A

Model B

Xy

X

2

Figure 4.9: Separatinghreeclassesisinga hierarchicalclassifierwith a linear discriminant
nodeanda multi-layerperceptromode.

As statedin Section4.7.2,the needfor non-linearmodelsresultsfundamentally
from the compleity of the decisionboundariedetweenneighbouringclassesn in-
put spaceandthe one-ofn decompositiorunnecessargomplicateghe natureof the
decisionboundariesn eachof the k modelsneededo solve a k-classproblem. This
is shavn in the examplesgivenin Figures4.7 and4.8. It canbe seenthat classes
C, andC;, needtwo hiddennodesto be separatedbut to separat&C; from eitherCy
or C, only one hiddennodeis needed. Thereforethe maximumrequiredcomple-
ity of the between-classglecisionboundariess 2 hiddennodes. The one-ofn MLP
shawvn in Figure4.8 needsa modelof 3 hiddennodesto solve the problem,whereas
the hierarchicalMLP shown in figure 4.9 usesmodelsno greaterthanthe maximum
requiredcompleity of 2 hiddennodes. In this casethe hierarchicalmodel reduces
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the compleity of eachmodelused. For problemsof k classesthe compleity of the
decisionboundaryis expectedto be a function of k for the one-ofn decomposition,
whereit is expectedo be constanfor the hierarchicalandpairwisedecompositions.

This is illustratedin Figures4.10to 4.13. Figure4.10which shawv the decision
boundariesusing MLPs for each2-classproblemin the one-ofn, hierarchical,and
pairwise decompositions. Since the datais generatedrom Gaussiandistributions
of equalcovarianceit is known that the optimum decisionboundariesbetweenary
two classess of linear compleity. The numberof hiddennodesfor eachMLP is
setto 1, andthis is equivalentto a linear model. The one-ofn model shavs poor
decisionboundariessinceit requiresa greatermodel complexity for eachmodelin
the decomposition.The hierarchicalandpairwisemodelsshov well-formeddecision
boundariesFor Figures4.11,4.12,and4.13,thenumberof hiddennodess increased,
andit canbe seenthat the one-ofn decompositiorgraduallyimprovesthe decision
boundarieswhile the hierarchicaland pairwise remain constant,shoving that the
decisionboundariegor linearmodelsneedno improvement.

4.9 VC-dimensionanalysis

A fundamentakonceptin learningtheoryis the VC-dimension. A worst-casemea-
sureof generalisatiorperformancecan be formulatedusingthe VC-dimensionfor a
particularfamily of models. The generalisatiorof a modelcanbe representedyy the
differencebetweerthe outputof the modeltrainedon afinite sampleof N datapoints,
andthe outputof the hypotheticalmodel that representshe true distributions of the
data. The theoremdueto Vapnik and Chenonenkis(Vapnik, 1998) gives an upper
boundon the probability of this differenceexceedinga givenvaluee.
This, statedfor the setof classificatiorfunctionswith VC dimensiorh, is:

h
Pr(myax|P(w) —v(w)| >¢€) < (ZETN) exp(—&2N) (4.44)
whereP(w) is the probability of classificationerror, or risk functional,and v(w) is
thetraining erroron afinite datasetpr empiricalrisk functional(Haykin, 1999). The
vectorw is the parameterector of the model, e is the baseof the naturallogarithm
andN is thenumberof training points.

It canalsobe shavn that,for alineardiscriminantdecisionrule, i.e.
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One-ofn Hierarchical Pairwise

Figure 4.10: DecisionboundariesusingMLP nodeswith 1 hiddennodeandsigmoidoutput
activations
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One-ofn Hierarchical Pairwise

Figure 4.11: DecisionboundariesuisingMLP nodeswith 2 hiddennodesandsigmoidoutput
activations
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One-ofn Hierarchical Pairwise

Figure 4.12: DecisionboundariesusingMLP nodeswith 3 hiddennodesandsigmoidoutput
activations
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One-ofn Hierarchical Pairwise

Figure 4.13: DecisionboundariesisingMLP nodeswith 4 hiddennodesandsigmoidoutput
activations
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QWX +b) (4.45)
1, v>0
where @(v) = T 4.46
o(v) {o, V<o, (4.46)
theVC-dimensionh, is givenby:
h=m+1, (4.47)

wherem is thedimensionof theinput spaceof thediscriminant(i.e. x € R™).

By the above it can be seenthat, for a fixed €, to increasethe accurag of a
linear discriminantnode one can do one of two things, either increasethe number
of points presentedo the classifier or to reducethe numberof parameterf that
classifier reducingthe VC-dimension. Either way, the right-handside of Equation
4.44is reducedgiving a lower probability of the classifierbeingsignificantlyin error.

It hasalreadybeenshowvn that by using a hierarchicaldecompositionfor the
samenumberof points, fewer parameterper modelneedto be learntto achiese the
sameresults. Thusa hierarchicalclassifieris, on average expectedto achiese better
classificatiorperformancehana one-ofn outputclassifier

4.10 Computational issues

Anotherconsiderabladwantageof thefactthatthe hierarchicalklassifierdecomposes
the classificatiornprobleminto a setof subproblemss thateachsubproblenfrom the
rootto theleavesbecomesmallerin termsof the numberof classesandsubsequently
the numberof datapointsto be considered Also the sizeof the featurespacewill be
significantlysmallerat eachnodedueto only a subsebf thefeatureseingrelevantto
eachsubproblem.Also the numberof training pointsfor eachmodelis significantly
reducedor the pairwiseclassifier Theseissuesareaddresseth this section.

4.10.1 Computational costof training

It is interestingto analysethe computationakostof training eachdecomposition.It
is reasonabléo approximatehe computationatostwith the total numberof training
pointsusedto train all the modelsin eachdecompositionasthe computationakost
for mostlearningalgorithmsis proportionalto the numberof training points. The
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assumptions madethatthereareanequalnumberof trainingpointsperclass denoted
by n;. Consequentlyherearen:k pointsin thewholetrainingset. Thisis areasonable
assumptiorsincethe size of the training setwill usually scalewith the numberof
classes.

For aone-ofn decompositiortherearek modelsto belearnt,andeachmodeluses
all thepointsto distinguishoneclassfrom all theothers.Thisleadsto thetotalnumber
of training pointsas:

NP = ngk?. (4.48)

For the hierarchicaldecompositiorwe will assumdor simplicity thatthe hierar
chyis balancedIn otherwordseachnodein the treehasanequalnumberof left and
right children. In this casethe numberof levelsis log, k. At eachlevel the number
of pointsusedin trainingis halved (assumingherearean equalnumberof pointsper
class),but thereare alwaystwice the numberof nodesfor eachlevel. In this way all
nek? pointsareusedonceat the root, andnyk/2 pointsare usedat the two secondary
nodesetc. Thetotal numberof pointsis then:

N[ = neklog, k. (4.49)

Consequentlyhenumberof pointsusedin trainingis significantlysmallerfor the
hierarchicadecompositiorthanthe one-ofn decompositionincreasinglysofor large
numberf classegincreasing).

The pairwise decompositionhas k(k — 1) /2 modelswhich eachcompare2n
points. This leadsto the total numberof training pointsas:

NP = nik(k—1). (4.50)

It is plain thatthe hierarchicaldecompositiorresultsin the leasttraining, being
of the order O(klog, k), wherethe othersare O(k?), althoughthis doesnot take into
accountheeffort requiredto optimisethe classhierarchy

4.10.2 Computational costof classification

To exactly calculatethe k posteriordfor eachw;,i = 1,...,k, for asingleunclassified
point x all the modelsmustbe evaluated regardlessof the decompositiorused. It is
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evidentthatthe hierarchicalndone-ofn decompositionsvill befasterby anorderof

k thanthe pairwisedecompositionHowever, for the hierarchicalndpairwisedecom-
positionsthereare methodgthat allow the computationatomplexity of classification
to be reducedwithout affecting the MAP decision,althoughthe posteriorswill be

approximatedor classesvith low probability.

When classifyingan unseerpoint therecan be a significantadvantageto using
a hierarchicaldecompositiorof the problem. If oneis usingthe MAP decisionrule
thenit may not be necessaryo calculatethe posteriorprobability for eachclass. It
is sufficient to calculatethe posteriorprobabilitiesfor the left andright subsetsij.e.
P(Q'|x) andP(Q"|x), at eachnodeanddisregardtheleft or right subtredf the proba-
bility for thatbranchfalls belov awell-definedthreshold.This techniqudas mentioned
in (Schurmann1996),but a methodfor choosingthe thresholdis not given. A novel
methodfor choosingathresholds givenhere.

This thresholdcanbe computedeasilyby consideringhe decisionto be madeat
anodein the hierarchy Onemustremembetthatthe probability is beingdistributed
betweertheleft andright branche®f thetree.

We wish to know the rangeof the posteriorprobability valuesfor the classesn
the left andright classsubsets.Sincethe left posteriorgfor the left classsubsetQ))
areconstrainedy:

P(X) = P(Q1 ), P(6) > O @51)
2

thenwe know thatthe maximumposteriorprobability for classesn theleft subtree,

o) = max[P(w|x)], (4.52)
weQ!
mustlie within therange:
1
EP(QI X) <oy < P(Q]x); (4.53)
[

where |Q|| is the numberof classesin the left subset. So it is evident that if
P(Q|x) < |Q—1r|P(Qr\x) thenthereis no needto computethe left branchary further.
This relationshipis of coursesymmetricandappliesin a similar fashionfor the right
branch.
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Now, the MAP decisionrule assumes 0/1 loss function, andif the posterior
probabilitiesarerequiredto be transformedoy a loss matrix thenthe above will not
apply, andall the posteriorawill haveto becalculatedor everybranchin thehierarchy

Althoughthereis a costin calculatingthe posteriomprobabilitiesfrom thefeatures
ateachnode,the advantagegainedby suchcomputationatutoff will be moresignifi-
cantwhenthe computationatostfor extractingparticularfeaturedbecomesigh. It is
expectedthat fewer featureswill have to be calculatedo make thefinal classification
thanary one-ofn classifier

Similarly it is the casethatwhenusinga pairwiseclassifierit is not necessaryo
evaluateall the models. This is mentionedn (JiaandRichards,1998), but a formal
algorithmfor selectinghosemodelsto evaluateis notgiven.

4.11 Training costfor a fixed-sizeproblem

In the previous sectionsthe compleity of eachclassdecompositiorhasbeenconsid-
eredfor anincreasinghumberof classesin reality the sizeof a classificatiorproblem
is fixed, and the real problemis to reducethe training costfor a given numberof
classesanda fixed numberof datapoints. This problemis consideredn this section
andit is indeedshavn thatthe hierarchicaland pairwisedecompositioniave an ad-
vantageovertheone-ofn decompositiomlueto thereducecdcompleity of thedecision
boundariegor eachsubmodel.

Considerfirst the pairwisedecompositionIn mary caseghe decisionboundary
betweenary two classewill belinearor nearlinear Therewill of coursebe some
neighbouringclassesvhich may have complex decisionboundariesiueto the partic-
ular applicationcompleity, but on the whole, if any two classesrechosernthey will
have a simple decisionboundary This is the mostattractve featurefor the pairwise
classifier

In this case,it would be a sensibleideato attemptto train a linear modelto
discriminatebetweeneachclasspair. Thenif this linear modelwas found to be of
insufficient compleity, then a non-linearmodel should be trainedinstead. In this
way, the non-linearityis usedonly whereit is neededyeducingthe overall training
complity. To make this processmore efficient the effort spenttraining the linear
modelshouldbe conseredby initialising thenon-lineamodelwith the solutionlearnt
by the linear model. This is readily achieved by initialising a MLP from a linear
discriminant. If the decisionboundaryis only slightly non-linear then the initial
parameter®f the untrainednon-linearmodelwill mostlikely be very closeto their
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optimal valuesalready Thusthe numberof training cycles usedfor the complete
pairwiseclassifieris expectedo bereducedsignificantly

The methodusedto initialise a MLP from a linear discriminantis quite simple,
sincethe hiddennodesof anMLP arelogistic linearfunctionsin theinput spaceasis
thelogistic linear discriminant. The weight vectorsfor eachof the hiddennodescan
beinitialised by

wh = w (4.54)
b = b, (4.55)

wherew!" is theweightvectorfor theith MLP hiddennodeb!" is thebiasvectorfor the
ith MLP hiddennode w andb aretheweightvectorandbiasfor thelineardiscriminant
respectrely. Thehiddento outputweightsfor the MLP thenneedto beinitialisedsuch
thatthe MLP hasthe sameoutputasthe lineardiscriminant.This is doneby setting

vv‘l)j = (4.56)
° = -1, (4.57)
wheren" is the numberof hiddennodes,vvfj is the jth elementof the oneandonly
outputnode,andbf is thebiasfor thatnode.In practicesomerandomnoiseshouldbe
addedo Equation4.54to allow eachhiddennodeto diversify with furthertraining.
This principle canbe usedeffectively for the hierarchicalclassifieralso. Given
thatthe classhierarchyhasbeenfound suchthat the subproblemsn the hierarchical
decompositiorareof linearor nearlinearcompleity, thenthe sameprocedurecanbe
applied. The agglomeratie clusteringprocedurefor finding a classhierarchywhich
is describedn Chapters hasthis property This is expectedto reducethe numberof
training cyclesneededor the completehierarchicaklassifier
However, this principle is not as efficient for the one-ofn classifier sincethe
subproblemsare lesslikely to be linear, or even nearlinear. 1t hasbeenshowvn in
this chapterthatthe compleity of the decisionboundariegor eachsubproblemin the
one-ofn decompositionncreasesvith the numberof classeswhereit is constanfor
the pairwiseandhierarchicaldecompositionsFor a fixed-sizeproblem,it is expected
thatmary moreof the subproblemswvith be of non-linearcompleity thanfor either
of the pairwiseor hierarchicaldecompositionsNon-linearmodelsmay be initialised
with the parametersf a linearmodel, but this would not be expectedto significantly
reducethenumberof trainingcyclesneededo specifytheparametersf thenon-linear
model.
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One-ofn Pairwise Hierarchical

Numberof models k k(k—1)/2 k—1
Permutations 1 1 Nnkion-1
Numberof pointsusedin training nik? nik(k— 1) ntklog, k
Numberof modelsevaluatedvhenclassifying k <kk-1)/2 <k-1
Suitablewith lineartechniques No Yes Yes
Computationatut-off possible No Yes Yes

Table 4.3: Summaryof propertiedor thethreeclassdecompositions

4.12 Summary

As solutionsto a multicategory classificatiorproblem,threemethodsof decomposing
thesetof classehave beencomparedTable4.12summarisethe propertiesliscussed
in this chapter

A new taxonomyof multicategory classificatiorhasbeenpresente@ndin partic-
ular the paradigmof decomposinghe setof all classesnto binary subproblemdas
beenexploredandthreemethodghat appearseparatelyn the classificatiorliterature
have beendefinedandanalysedinderthis paradigm.

An equivalencehasbeenshonvn betweenthe threedecompositionsvhenthe re-
guiredclassconditionaldistributionsareknown perfectly Therelationshipetween
thethreemethodshave thenbeencomparedisinglineardiscriminantmodels shaving
thatthe hierarchicalandpairwisedecompositionfiave a considerableadvantageover
the one-ofn decompositiordue to their ability to represent greaterproportion of
problemsof mary classesisingsimplelineardecisionnodes.

A comparisonn termsof thenumberof pointsneededo traineachsubmodehlnd
the numberof comparisonsieededn classificationwasalsomade. The hierarchical
decompositiorhasthe greatesadvantagehere,but the problemof designingthe class
hierarchyhasnot beenaddressed.

It hasalsobeenstressedhatthe needfor non-linearmodelsshouldonly bejusti-
fiedif thebinarysubmodelsn eachdecompositiomequireit. In this casethe one-ofn
decompositiomequiresnon-lineamodelswherethe pairwiseandhierarchicaldecom-
positionsdo not, thusthe needfor non-lineamodelscanbereducedo a minimumby
adoptingeitherof thesedecompositionsandtheone-ofn decompositiomnnecessarily
complicategheform of the binarysubproblems.



Chapter 5
Hierar chical structur e identification

In Chapter4 the compleity of the submodelsn a classdecompositiorclassifierwas
investigated.It hasbeenarguedthat the compleity of the submodelsn a pairwise
classifierareconstanfor anincreasinghumberof classesthatthe one-ofn classifier
hasthe undesirableropertythatthe compleity of eachsubmodeincreasesvith the
numberof classesandthatthe compleity of the submodeldor the hierarchicaklas-
sifier canbe controlledby the designof the classhierarchy This chapterdescribes
methodghat canbe usedto designthe classhierarchyto minimisethe compleity of
eachsubmodein ahierarchicatlassifiemwith acritical comparisorof theiradvantages
anddisadwantages.

An importantdifferencefrom other tree-basedlassifierssuchas decisiontree
classifiersis thatthe classhierarchyis finite and of constantsizefor a fixed number
of classesk. Therearealwaysk — 1 nodesin the treeandeachclassis represented
by the k leavesin thetree. This allows combinatorialoptimizationtechniquego be
usedto optimize the classhierarchy wherein decisiontree classifiersthe tree can
be infinite and this restrictsthe choice of designprocedureto a top-dovn divisive
algorithmwherethe treeis designedgreedily startingfrom the root. In this chapter
top-down divisive algorithms,bottom-upagglomeratre algorithmsandmoregeneral
combinatorialbptimizationtechniquesarediscussed.

Eachnodein thehierarchicatlassifiereaksts inputclasssubsetnto two output
subset@andgivesprobabilitiesfor eachoutputsubset:

P(QUIQN x), s=1,2. (5.1)
S

Criteria can be definedthat evaluatea particularsplitting of a classsubsetat a
particularnode,andthesemaythenbecombinedo evaluatethewholeclasshierarchy

90
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5.1 Objectivefunctions onindividual nodesin the hier-
archy

Givenk classegontainedn Q" thatmustbeseparateihto two subset€{" andQ3",
thereare2< 1 — 1 waysof achieving this.

Eachclassis representetly a seriesof pointsin featurespacewith anassociated
classlabel, [x;, ] for i pointsandk classesGivena classsubsetQ2", the pointsfor
eachclassmaybeaggreyatedaccordingto whetherthe classlabel vy fallsin theclass
subset.

Distancemeasuresnaybedefinedon the pointsin eachclasssubseindividually,
or onthewholeclassesepresentetly theirmeans.

5.1.1 Distancemeasules

Givena setof points,{x;},i = 1,...,N, wherex; is a vectorin P dimensionalnput
spacea selectionof distanceaneasuresanbe appliedbetweenrary two points(Fried-
manandRubin,1967;Basseille, 1989):

The Minowski metricis ageneraform of severalwell-known distancemeasures:

d 1/r
dij = [Z|Xik—xjk\r] r>1 (5.2)

this leadsto the Manhattarmetricwhenr = 1, the Euclideandistancevhenr = 2 and
theinfinity normwhenr = oo,

Thesedistancemeasuresare describedfurther below, with specific properties
outlined:

e Squarectuclideandistancebetweertwo points:

P

Si=Y (p—Xjp)® = (xi —x;)T (xi —x;) (5.3)
p=1

wherex; is theith pointandx;y, is the pth componenbf the samevector This
distancemeasuras invariantunderary orthogonaltransformatiorof the points
in inputspace.
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e TheMahalanobidlistancebetweenwo pointsis a generalizatiorof the sumof
squareswhich is invariantunderary non-singulartransformationof the input
space.

Mij = (X —Xj)TZ_l(Xi —Xj) (5.4)

whereZ is the covariancematrix for the pointsin input space. This hasthe
disadwantagehatthe sizeof the covariancematrix increasesvith the numberof
input dimensionsandthe inversemay involve significantcomputationn high-
dimensionabkpaces.

If we assuméhateachclassis normallydistributedwith equalcovariancematrix
then we may usethe above distancemeasuredglirectly on the meansof eachclass
distribution. If we assumeéhateachclasshasequalcovariancewhich is a multiple of
theidentity matrix (i.e. a sphericaldistribution) thenwe canusethe sumof squaress
ameasuref distancedbetweerclasses:

P
Si=3 (Wp—Hip)* =W —H) (k—W) (5.5)
p=1
wherey; is the meanvectorfor theith classandyp is the pth componendf thesame
vector
If the assumptiorof equalclasscovariancess too strongit canbe relaxed by

usinga form of the BatacharryalistancewhereZ; is the covariancematrix for theith
class,

1 Si+3] 7 1 ‘@‘

Bij=gi—m)" [T57| (=) +5In— e (5.6)
8 2 2 /Ixllzj]
il2]

Thefirst termreflectsthe separatiordueto the meandifferencebetweernthe two
classesand the secondterm reflectsthe differencedue to the covariance(Kim and
Landgrebe 1991). Again this requiresan inverseand now threedeterminantgo be
calculated,which may involve significantcomputationalcost for high-dimensional
spaces.
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5.1.2 Entropy measures

Schurmanr{Schurmann1996)suggestshatanentropy measurenaybeusedto eval-
uatethe suitability of a choiceof classsubsets.

2
H(P@LQ") = 3 P@2a" 0log 5.7

1
(QSL“IQ‘”,X)> '
This is at is maximumwhen the probabilitiesare evenly divided betweenthe
classesanda minimumwhenthe majority of the probability massis assignedo one
classsubset.This is similar in motivationto the metricsusedin the C4.5algorithms
for thedesignof decisiontreeclassifier§Quinlan,1993).

5.1.3 Fisher’scriterion

The Fishercriterion canbe usedasa measureof separabilitybetweenwo classest
eachlevel, it is definedasfollows (Bishop,1995):

w' Ssw
whereSs is the betweerclasscovariancematrix:
Se = (M2 — Ha) (M2 — 1) (5.9)
K beingthemeanof classi andSy thetotal within classcovariancematrix:
Sw=5 (Gn—H)(n—p) + F (Xn—H1)(Xn— )" (5.10)
neC, neC;
Theweightvectorw is givenby:
W= Sy (2 — ). (5.11)

Fishers criterionis a measureof the distancebetweenclassmeansnormalized
by the within classscatteralongthe directionof w. Thisis anacceptableneasureof
separabilityof two classesyndertheusualassumptionsf Gaussiarlassdistributions,
but againrequiresa matrix inverse.
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5.2 Objectivefunctions on the completehierarchy

The metricsdescribedn the previous sectionmeasuredhe suitability of the splitting
of a setof classesnto two subsetsThis canbe usedto determinethe suitability of a
singlenodein thetree.However, if thesearchor the mostappropriateclasshierarchy
is doneasa combinatorialoptimizationon the setof all completeclasshierarchies,
thenmetricshatdeterminehe suitability of the completehierarchymustbeused.This
maybeformulatedasa combinationof theabove single-nodeeriteria,or by way of the
final classificatiorrate. Thesearediscussedbelow.

Any of thecriteriadescribedn Section5.1 canbeusedto describeéhewholetree
by simply combiningthemfor eachnodein thetree. The simplestway to do thisis to
do thisis to calculatethe sumof the criteriaover eachnode. Thesemay be weighted
accordingto the depthof eachnodein the treeto allow the nodesnearerthe root to
have more of an effect on the total value. If eachnodeis given equalweighting it
shouldbenoticedthattheleaf nodeswill dominatethetotal valuesimply because¢hey
aremorenumerous.

If accurag weretheonly concernwhentraininga classifierthentheclassification
rate is the most representatie measureof this accurag. Though sometimesother
criteriasuchasinterpretabilityarerequiredirom thefinal solutionwhicharenotalways
bestrepresentetty a measuref accuragy.

Unfortunately classificationrate is the most computationallyexpensve of all
measuresinceit involvesfeatureselectionandtrainingto be performedon the classi-
fier every time the measuras required. The distancemeasuregjivenabove arecom-
monly usedsincethey offer a lesscomputationabpproximationto the classification
rate.

Anotherpossiblecriterion canbe computedrom the confusionmatrix resulting
from the completetrainedk-classclassifier(Schurmann1996). The confusionmatrix
is definedas:

confugk, j] = relatvefrequeng of patternscomingfrom classk

andbeingrecognizechsmemberf clasg (5.12)

A total error criterionis the combinationof errorsfrom classesn oppositeclass
subsetsacrossall nodesin the hierarchy If N is the setof all nodesin the hierarchy
andQ’ andQ} arethetwo classsubsetsor noden:
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error= ZN ( rzk confugk, j]) . (5.13)
neEN \keQfA jeQfVkeQ)A jeQ]

Thisvalueis to minimizedwhenchoosinga suitableclasshierarchy Howeverthis
suffersfrom the sameproblemthatthe hierarchicaklassifiemeedgo be fully trained
eachtime.

Given a suitablecriterion for selectinga particularchoiceof classsubsetit is
possibleo recursvely chooseoptimalclasssubsetso form aclasshierarchy Whenthe
numberof classess smallthis maybedonesystematicallyHoweverwhenthenumber
of classedecomedoo largeit is impracticalto enumeratall possiblechoicesof class
subsetsevenfor abinarysplit. In this caseaniterative clusteringprocedureanbeused
that optimizesa criterion by estimatingclustercentresfor the two classsubsetsand
thenchoosingsubsetdo be thoseclassedestrepresentedby eachrespectie cluster
centre.Clusteringis presentedh the next section.

5.3 Clustering

Therearetwo mainapproacheto forming a hierarchyusingclusteringmethodseither
by combiningsingletonclassesnto classsubsetandconstructinghe hierarchyfrom
the bottomup, or by splitting the completesetof classesnto classsubsetsstarting
from the root, and building a hierarchyfrom the top down. Theseare known as
agglomemtive anddivisivemethodsespectrely (Kim andLandgrebe1991)andare
describedelow.

5.3.1 Agglomerative clustering

Whendesigninga classstructurefrom the bottomup, the goalis to groupthe classes
togetheraccordingto a similarity measure.The two mostsimilar classesare joined
to form a classsubset.Eachnew classsubseteplacests membersandthe processs
repeatedintil thelasttwo classor classsubsetsrejoined. Thistechniques alsoused
in anunsupervisednannemwhenno classinformationis availableby usingindividual
pointsasinitial setsandcombiningsetsof points.

Thesimilarity measuresisedcanbe choserdependingon theassumptionsnade
on the classdistributions. A suitabledistancemeasuremay be chosenfrom those
describedn section5.1.1.
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Figure 5.1: Exampleof agglomeratie treeformation

Thesemeasuresare usedto comparesetsof classedor joining and allow the
agglomeratre clusteringalgorithmto producea classhierarchy

The time compleity of this algorithmis dependenbn the the numberof com-
parisonsthat have to be madebetweenpairs of classes.Fro a problemof k classes
therewill alwaysbek — 1 agglomeratie stepsn thisalgorithm. Thefirst steprequires
k(k —1)/2 comparisondetweenpairs of classesand the secondstepthenrequires
(k—1)(k—2)/2 comparisonsThe laststeprequiresno comparisonsincetherewill
be only two nodesto join. Thenumberof comparisonss the sumof comparisongor
eachlevel:

Nagg = kf(k— m)(k—m—1)/2. (5.14)

m=0

Thetime compleity is thenin the orderof k? comparisons.

5.3.2 Divisive clustering

Thetop-davn approacho structuredesignworksin anoppositdashionby considering
the datasetasa whole initially andthensplitting it into smallergroupsaccordingto
a performancecriteria (Lin and Fu, 1983). Eachgroup canthenbe consideredor
splitting itself anda hierarchyis built in arecursve manner

Figure 5.2: Exampleof divisive treeformation

Thetechniqueof splitting datainto homogeneougroupsis well researcheah the
literatureon clustering howeverit is dominantlyanunsupervisedearningtask.
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Althoughin this casethe classlabelsarepresentandknown, andthisinformation
shouldbe usedin designingthe tree structure. The classeseedto be groupedinto
classsubsetghat are mostseparablaising the fewestnecessaryeatures. Thereare
k — 1 divisionswhen using divisive clustering,but the computationacompleity of
theclusteringproceduregerformedor eachdivisionis notknown asit will involvean
unknovn numberof iterationsdependingntherandominitialisationof the clustering
procedure.

Existing clusteringmethods,and also, mixture methodsfor estimatingmixture
distributionsmay be usedto determineclustersof interestin the data. Onceclusters
have beendefineda decisionmust be madeasto how to group the classinto two
distinctsubsetsusingthe clusteringinformation.

5.4 Combinatorial optimization

In the preivous sections,the designof the classhierarchyhasbeendescribedas a
greedysearchwhereonceastepin the procedurénasbeentaken, it cannotoeundone.
Top-dovn andbottom-upprocedureshatinvolve k — 1 divisive or agglomeratre steps
thatconstructhehierarchylevel by level weredescribedIn this sectionanalternatve
methodis proposedhattakesadvantageof thefactthatthereis afinite setof possible
classhierarchiesThisis combinatoriabptimization,wherebythe setof possibleclass
hierarchiegs searche@ccordingo anobjective function.

Combinatorialoptimizationis a problemwherebythe optimumsolutionis to be
found in spacewhich is non-linearand non-cowex. Gradientinformation may not
be available or necessarilyusefulin suchproblemshencethe unsuitability of typical
gradient-basedlgorithms.An objective functionmustbe giventhatdefinesan order
ing betweerstatesin the searchspace.Eachspecificalgorithmdefineshow the state
spaceis searchedo find the mimimum-valuedsolution accordingto that objectve
function.

In termsof finding a solutionto the classhierarchy an objectie function from
Section5.2maybechosenlt hasalreadybeenmentionedhatif thenumberof classes
becomedoo large thena systematicor exhaustve searchis impractical. Thereare
mary potentialalgorithmsthataredesignedo producenearoptimal solutionsin such
asituation,namelydirectedgraph-searchintgchniquesuchasbranchandbound,and
statisticatechniquesuchassimulatedannealingandgeneticalgorithms.

The searchstratgjiespresentedn this sectionstrive to find a classhierarchythat
gives a minimum value of the objective function. It is expectedthat therewill be
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mary local minimadueto the discretenatureof the searchspace(the setof possible
classhierarchies).Thereare several combinatorialoptimizationtechniqueghat have
becomestandardn theliterature,someof which aredesignedo overcomesuchlocal
minima. As ever, thereis no onealgorithmwhich canguaranteehe global minimum
is found, but techniquesanbe usedthatincreasdahe chanceof finding a goodresult.

The discreteoptimizationproblemcanbe definedasfinding a solutionfrom the
setof all possiblestatessuchthat minimizesa given objective function within ary
givenconstraints.The setof all possiblestategstatespace)may be viewedin some
casessagraph,givenoperatorghattransformonestateto another Suchgraphstend
to grow exponentiallywith the size of a problemand optimal searchtechniquesare
NP-competethatis the solutiontime increasegxponentiallywith problemsizefor all
algorithms.However, heuristicalgorithmsexist thatcanfind sub-optimalsolutionsin
polynomialtime. Examplesaredirecteddepth-firstsearch(DFS), cost-boundedFS
(IDAY¥), depth-firstbranch-and-boundDFBB) and best-firstsearch(BFS). Each of
thesehastheir meritsandarediscussedbelow.

The searchalgorithmsmentionedso far are all deterministic. They attemptto
overcometheproblemof local minimaby backtrackingo previously unsearchegaths
in thegraphthatmaypotentiallyleadto bettersolutions.Alternative algorithmsescape
from local minimaby usingstochastianethodgo searchthegraph.Simulatedanneal-
ing allows all possiblepathsto be chosenwith a givenprobability, hencebacktracking
is allowed. Geneticalgorithmsuse stochasticcross@er and mutation operatorsto
explorethe statespace Thesearealsodiscussedbelow.

JainandZonker (JainandZonker, 1997)provide a taxonomyfor a similar setof
algorithms,with anempiricalcomparisorusingthe Mahalanobigistanceascriterion
for afeatureselectionproblem.

The next few sectionsdescribediscreteoptimizationsearchtechniquesstarting
with the deterministicgraphsearchesthenstochastigraphsearchesandfinally ge-
neticalgorithms.

5.4.1 Deterministic graph search

Pointsin adiscretestatespacecanberepresentedsnodeonagraph.Thearcsbetween
the nodesrepresenvalid transformationgrom one stateto another Given aninitial
stateasa startingpoint, a problemmay be solved by traversingthe graphuntil avalid
solutionis found. For someapplicationghegraphmaybea specialcasewithoutloops.
i.e. atree.However, ary graphmaybesearche@satreeif nodesarevisitedonly once.
Thisis thepreferredmethod andhenceagraphsearclcanbe considereaquivalentto
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atreesearch.

Exhaustve tree-searchingechniquessuch as depth-firstsearchare simple, but
for mary applicationghis is impracticaldueto the exponentialincreasdan time with
increasingproblemsize. Methodsare usedto ‘prune’ branchesf the tree to avoid
unnecessargomputation.Thesemaybe optimal,wherebythe optimalsolutioncanbe
provedto notlie in the prunedbranch,or heuristic,wherethe chanceof discarding
goodsolutions,includingthe optimalone,is minimized.

The mostextremeandleastcomputationallyexpensve pruningtechniqueis se-
guentialforwardsearchwherebyonly thebestsuccessie state accordingo the objec-
tive functionis chosenandall othersdiscardedThis doesnotallow any backtracking
andthefirst minimafoundis offeredasthe solution. In thelikely eventof mary local
minimathis will seldomfind the globalsolution. Thisis alsoknown ashill-climbing.

To introduce backtracking,insteadof discardingsuccessie statesand conse-
guentlythe pathsresultingfrom thosestates they are orderedin termsof the lik eli-
hoodof offering the bestsolution. The secondbestmay be visited oncethe besthas
beenevaluated.This is alsoknown asdirected-DFSWithout pruningthis is againan
exhaustve search.Evidently, branchesnay be prunedafter the n-th bestsolutionhas
beenvisited.

An alternatveis to limit thedepthof thesearchjn depth-bounde®FSthedepth
is limited and possibly extendedif no satisfctory solutionis found. This may be
furtherimprovedby introducinga formal ‘cost’ criterionto replacethe depthmeasure.
Thisis known ascost-boundedFS, a popularalgorithmin thisveinis IDA*.

Branchand boundtechniqguesmay be appliedto DFS to prunebranchesof the
searchiree. A lower boundon the costof a solutionpaththat passeshrougha given
statecanbe computed. If this lower boundof a certainnodeis larger thanthe cost
of the bestsolutionso far, thenthe nodecanbe pruned. This is known asdepth-first
branch-and-boun(DFBB).

An alternatve to depth-firstsearchs to considerthe mostpromisingnodeof all
nodescurrentlyonthe searchrontier, acrossall branchesasopposedo concentrating
on only onebranch. This searchtechniques calledbest-firstsearchBFS). However
this entailsthe overheadof storingthe searchfrontier at all times, which may grow
exponentiallywith searchdepth. Again boundsmay be estimatedto prune nodes,
giving rise to best-firstbranch-and-boun@FBB), also know asthe algorithm A*.
Many of thesealgorithmsmay be implementedon a parallel processoarchitecture
(GramaandKumar, 1999).
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5.4.2 Simulatedannealing

Simulatedannealings a combinatorialoptimizationtechniquethat borrows its moti-

vation from the physicalprocesf cooling a moltenmetal. In termsof hierarchical
structuredesign,it is a stochastisearchprocedurghatallows positive changesn the

objectie function. Alterationsto the structurearechoserat randomandif thechange
is negative the alterationis acceptedptherwiseit is only acceptedvith a probability
accordingto the sizeof theincreasingstepAJ andatemperatureoeficient T:

e /T ifAI>0

P(A) = { 1 if AJ <0 (5.15)

whereP(A) is theprobabilitythatstepA is accepted.

This tolerancefor stepsof decreasingbjective allows the algorithmsto ‘jump’
out of local minimaat high temperaturesiwherenearlyall stepswill betaken,andas
thetemperaturés ‘cooled’ thealgorithmwill settleonaminimum,hopefullyglobal.

Given a suitableobjective function and operatorghat performthe ‘steps’ from
onecondidatesolutionto the next, thensimulatedannealings easyto implementand
relatively efficient, althoughmary iterationsof the algorithmneedto be run. It can
be difficult to know whento terminatethe algorithmsinceit is never known when
the solutionfound is the global optimum. Usually several runs of the algorithmare
performedwith differentrandominitialisationsin anattemptto avoid local minimum.
Choiceshave to be madeon theform of therandomstep,andthe coolingschedule.

5.4.3 Geneticprogramming

Geneticprogrammingis a branchof geneticalgorithmsthat usesa tree structureto
encodesetof actiong(possiblyacomputemprogrammepandevolvesaninitial random
populationof suchstructuregKoza, 1992). Thosestructureggiving the bestperfor
manceaccordingto a fithessfunction (or objective function) are selectedo generate
thenext populationvia operatorsuchascrosseerandmutation.Unlike hill-climbing
the operatorsare not guaranteedo generatea valid solutionand somecomputation
will bewastedon evaluatinggarbagestructures.

The setof possibletreesusedfor classhierarchieds quite restricted,sinceeach
classmustberepresentedsaleaf node. Theremustbe no repetitionsof classesand
noneleft out. To definea geneticencodinghatallows cross@erandmutation thetwo
fundamentabperatorsof geneticalgorithms,without generatingexcesse®f garbage
treeswould bea complicatedask.
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Naturally the operatordrom hill-climbing canbe usedin geneticprogramming
to provide a structureconstrainedo be correct,althoughthis reducego a parallelhill-
climbing exercise similarto performingmary randomlyinitialized hill-climbs andhas
little geneticmotivation.

Additionally, due to the fact that genetictechniquesare populationbased,the
numberof evaluationsis proportionalto the size of the population.Evaluatinga hier-
archicalclassifierwith mary nodesis alreadyquite computationallyexpensve, anda
geneticalgorithmwould be expectedo increasehis by a factorof the populationsize
for eachstepin the search.

5.5 Objectivefunctions for a discreteseaich

In the previous sectionit wassuggestedhatthe classhierarchyof a probabilistichier-
archicalclassifiercould befound by discreteoptimization.Thisis furtherinvestigated
in this section. The problemis discussedn termsof the ideal solution, which will
eventuallyleadto anobjectve functionandsearchconstraints.

It is proposedhatthe classhierarchycanbe foundby a searchin solutionspace
(i.e. the setof all possibleclasshierarchies).The searchstrategyy mustallow for four
specificrequirement®n the eventualsolutionsought.Thatis:

e Accurag - Thefinal classifiershouldproduceaccurateclassificatiorresults.

e Degreesof freedom- The numberof parametergor the final modelshouldbe
controlledto preventoverfitting andthe curseof dimensionality

e Smoothness Themodelsmustadhereo predefinedconstraintson the structure
to preventunbalancedrees.

e Prior knowledge- If a prior modelis given,the informationrepresenteth that
prior mustberespected.

Thesearefurtherexplainedin the sectionsbelow.

5.5.1 Accuracy

To measuregheaccuray of aclassifiethe mostdirectmeasures the misclassification
rate, as this truly reflectsthe desiredperformance. However this can be costly to
compute asit involvesthe completetraining of eachclassifiemodein the hierarchy
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Criteriafor evaluatingindividual nodesaregivenin section5.1.1andalsocriteria
for evaluatingcompletetreearegivenin section5.2. However, careshouldbe taken
whencombiningsingle nodecriteriato representi completeclasshierarchy Simple
summationswill be dominatedby the valuesfor the leaves, simply becausdhey are
morenumerouslf thenodescloserto therootaremoreimportantthenthey shouldbe
weightedassuchwhenaddingthe separateéodecriteria.

5.5.2 Degreesof freedom

Thedangerof overfitting andthe curseof dimensionalityhave beenknown for some
time (Bishop,1995). Controllingthe effective numberof parameteren amodelis im-
portant,especiallyin termsof smalldatasetsvherethe parameterseedto bespecified
by afew datapointsin amannetrthatis statisticallysignificant.

The numberof nodesin the classhierarchyis fixed, dueto the binary natureof
thetreeandthe requirementhatall classeshouldbe present.The compleity of the
model canbe controlledby usingthe optimum minimal featuresetat eachclassifier
node.

However, distancaneasuresuchasin section(5.1.1)canonly beusedio compare
featuressetsof the samedimensionality This presentsa problemsinceperforming
featureselectiorfor eachstateto beevaluatedn solutionspacewill resultin modelsof
differentdimensionalityacrossnodes,renderingthe summationmeaningless Again
a solutionto this would be to usethe final classificationaccurag asa performance
measurebut this is too computationallyexpensve. As an initial investigation,the
searchs performednmodelscontainingall featuresallowing suchdistanceneasures
to beused.

Featureselectionandtraining canbe performedon the modelgiven by the final
classhierarchy

5.5.3 Smoothness

For a classhierarchyto be meaningfulandinterpretablejt is likely thatis shouldbe
well balancedi.e. no particularbranchshouldbe significantlydeepethantheothers).
A constrainton the maximumallowable depthof a singlebranchcanbe imposedon
therequiredsolution.
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5.5.4 Prior knowledge

Thedatais not usuallythe only availablesourceof informationon the desiredmodel.
Prior knowledgeshouldbe usedwhererer possibleto aid the constructionof a good
model. If a classhierarchyis suggestedhroughdomainknowledgethenit may be
desirableto find a solutionthatdoesnot differ significantlyfrom the givenhierarchy

Treecomparisoralgorithmsareavailable,but canbe computationallyexpensve.
In somecaseghe distancebetweentwo treesis describedoy the numberof transfor
mationsrequiredto transformonetreeto the other This distanceis effectively the
searchdepthif the searchis initialized with a prior hierarchy This canbe easilyand
efficiently incorporatedasa constrainton the search.

The discreteoptimizationproblemcanbe definedasfinding a solutionfrom the
set of all possiblestatessuchthat minimizesa given objective function within the
givenconstraintsTheconstraintsnaybeincorporatedishardconstraint®nthestates
allowedby the searchprocedurethe searclrejectsary stateghatdo notadhereo the
constraintpr they maybeincorporatedssoftconstraintdy introducingextratermsin
theobjective function. Hard constraintaisedaretherestrictionon the searchdepth,or
theamountof backtrackinggeffectively reducingthe searchspace Soft constraintsan
requirefree parameterso be estimatedas coeficientsfor eachtermin the objectve
functionwhich canbecostlyfor large searchspaces.

5.6 Operators on classhierarchiesfor discretesearch

It hasalreadybeendescribedn section5.4.1thata discretespacecanbe represented
asagraphwhenanoperatoris definedthatmapsonestateto another This graphthen
becomesearchabléd anorderingis imposedon the statesvia an objectve function.

For thesetof unorderedinarytreesthatareusedto representhe classhierarchy
onesimpleoperatorcantransformonetreeto anothersuchthatall possibletreesmay
bereachedrom ary startingtreeby successie applicationof the operator A simple
suchoperatoris describechere. A branchmay be ‘shifted’ to theleft or theright. A
right shift is illustratedin Figure5.3.

This operatomrmay be appliedto the left or right, andon mostnodesin thetree,
it can be interpretedsimply as moving a memberof an non-terminalnodeto the
opposingnon-terminalnode. This may involve shifting a whole branchwith mary
descendantsAny valid hierarchymay be generatedrom ary othervalid hierarchy
usingcombinationof this operator For simplicity only binaryhierarchiesareused.

Oneattractive propertyof this operatoiis thatif ahierarchicaklassifieris trained,
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Figure 5.3: Exampleof branchshifting operator

andthentheoperatoappliedonce thenonly two nodesn thetreeneedto beretrained
to retrainthe whole classifier The modelsfor all othernodesare unalteredand do
not needretraining. This leadsto an efficient evaluation of the classificationrate
which may allow the classificatiorrateto be usedasthe searchobjectve in adiscrete
optimisation.Theretrainingtime compleity doesnotdependnthenumberof classes
in this casewhereasiormallythetrainingtime compleity is in theorderof k.

5.7 Summary

This chapterhasdescribedtechniquesusedfor choosinga specific classhierarchy
whetherthroughconstructionor a discretesearch.The useof a discreteoptimization
searchon defining the classhierarchyis infrequently investigatedin the literature,
althoughit is mentionedvery briefly by Shurmann(Schurmann,1996). Potential
algorithmshave beendescribedin this chapter Although the specificationof the
classhierarchycan be of importancewhen using linear models, the impact of the
classhierarchydiminishesfor moreflexible non-linearmodels,sincefor a perfectly
flexible modelthe classhierarchycan be assignedarbitrarily without degradingthe
classificationperformance.Thereis a trade-of betweenthe compleity of the model
ateachnodeandtheeffort requiredto optimisethe classhierarchy In Chapter7 com-
parisonsare madebetweena classhierarchyfound using the reliable agglomeratie
clusteringprocedurausingEuclideandistancemeasuresandarandomclasshierarchy
to illustratetheimpacton the hierarchicaklassifier



Chapter 6
Class-dependenfeatures

In Chapter4 it was shavn that one methodof solving a mary-classproblemis to
decomposeéhe set of classeso producea combinationof 2-classproblems. Each
2-classproblemis solved conditionedon a reducedset of classes. In this chapter
the novel ideais developedthat certainfeaturesare only good discriminantswhen
conditionedon a particularsetof classes. For examplethe position of a loop in a
handwrittencharacteicanonly be usefulfor discriminatingthe setof characterghat
have loopsfrom thosethatdo not.

With the correctclasssubsetsand well designedclass-dependerieatures,the
two conceptsare mutually compatiblein providing a goodinterpretableclassification
schemefor problemswith mary classes.Sinceclass-dependetféaturesare particu-
larly applicationdependentt is usefulto illustrate mary of the pointsraisedin this
chaptemwith furtherexamplesrom the choserapplicationin this thesis,namelyhand-
written characterecognition.

In particular this hasimplicationsfor the hierarchicaldecomposition.With the
one-to-onaelationshipbetweenclassesandleavesin the hierarchicaldecomposition
(unlike decisiontreeclassifiers)jt is muchmorestraightforwardto interpretthe struc-
ture of the tree. Eachleaf noderepresents completeand meaningfulclassconcept,
andeachnon-terminahoderepresenta groupof classeshathave commonproperties.

6.1 Definitions

Class-dependerfeaturesare definedas featureswhosediscriminationability varies
significantlydependingon the classesvhich areto be discriminated.This is unfortu-
natelya rathervaguedefinition sinceit is likely thatthe discriminative ability of any
featurewill vary to someextentdueto variationsbetweenclasses.A morerigorous

105
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definitionis givenlaterin Section6.3derivedfrom theoverlapof theclass-conditional
probability densitiesof afeaturegivena subsebdf classes.

The dggreeto which differentfeaturesare class-dependentill in this casevary
dependingnthe natureof eachfeature put a furtherdistinctioncanbe madebetween
strongandweakclass-dependenc&hesearedefinedasfollows:

e Weakclass-dependencéhe featurehasa obsenablevaluefor eachclass,and
the featureandthe classvariableare conditionally independengiven a set of
classes.

e Strongclass-dependencavhen conditionedon the classvariable,the feature
may not have anobsenablevalue.

The weaksenseof class-dependena@anbe easilydemonstratethy shaving the
class-conditionadlistributionsfor eachclassand observingthe overlapfor different
setsof classegasillustratedlaterin Figure6.4). The strongsensef classdependence
is lessamenabldo standardanalysisand canbe explainedby the following example
from digit recognition.

Supposea featureextractorwere designedo detectloopsin images. If aloop
werepresenthenit would selectthe minimum setof pixelsthatform theloop. If no
loopis presenthensetof loop pixelsremainsempty Thisis givenasfollows:

{setof pixelsin loop} if loopis present
0 otherwise

L=(p(X):{

wherelL is thesetof pixellocationsL = {(xn,¥n) : N=1,...,N}, whereN is thenumber
of pixelsin theloop. An exampleof the setof pixelsselectedor a charactewith and
withoutaloopis shovnin Figure6.1.

Thenumberof pixelsselectedN, couldbeusedasa featureto distinguishclasses
with loopsfrom thosewithout. This featureis anexampleof aclass-dependeff¢ature
in theweaksensesinceit candistinguishonesfrom zeros but not sixesfrom nines.|f
onewantedto distinguisha six from a nine, thenonecould take the averagevertical
positionof all theloop pixelsin thesetL. Thisis definedas:

<>
Il

Y.
(xy)eL

Zl -~

This featurecontainsuseful discriminatoryinformation since an image with a
loop thatwasabove the centreof theimagewould mostlik ely be a nineandonewith
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o

Figure 6.1: Exampleof a pixel-wiseloop detectoron the digits sevenandnine

o
(.2

Figure 6.2: Exampleof a pixel-wiseloop detectoron thedigits six andnine

the centrebelow would be a six (seeFigure6.2). However this featureonly existsfor
thoseimagesfrom which aloop wassuccessfullyextracted.For thoseimagesthatdo
not containloops,the valueof the featureis not only ineffective for discrimination,it
doesnotevenhave avalue.

Suchundefinedvaluesfor featuresareparticularlyproblematidor statisticalpat-
ternrecognition.Probabilitydensitiescannotbe definedsimply sincethe valueof the
featureis bothcateyoricalandreal(i.e. eithery = {undefined or y € R). Theseprob-
lemscould be avoidedby discretizingthe featureinto definedsetsof valuesincluding
theundefinedvalue,but the resultingcategorical variablewould have to be unordered
sincethereis no meaningfulorderingfor the undefinedvalue. The existing ordering
informationwould belost.

An alternatve would beto divide theimageinto distinctcellsandaccumulatehe
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numberof pixelsin eachcell thatcontributesto aloop. Thevaluefor eachcell would
be a positive integer andthe positionalinformation of the loop pixels could be used.
This avoidsthe estimationof y by usingvaluesderivedfrom the original N.

Althoughstronglyclass-dependemeaturesasdefinedhereareof interestandthe
authorfeelsthatanalysisof suchfeaturesvould beusefulfor patternclassificatiorwith
mary classesthis thesiswill concentrateon weakly class-dependerfeaturessince
their analysiss moretractable.The analysisof strongclass-dependeif¢aturess left
to futurework in Chapter8.

6.2 Evidencefor class-dependenteaturesin real-world
data

Therearemary applicationghatshav evidenceof class-dependerfiéatureghat may
be exploitedin a multicategory classifier The handwritingexampleabove is but one.
A goodexampleis the Brodatztexture album, whichis usedasa standardor compar
ing texture classificationalgorithms. The album consistsof 112 photograph®f both
naturaland man-madeamaterials,rangingfrom cloth and fabricsto wood and stone
textures. In the texture classificationliterature, mary featureextractiontechniques
have beendevelopedto provide featureghatgive gooddiscriminationbetweerall the
classegNg, Nixon and Carter 1998). However, it may not be sensibleto expectall
featureextractorsto have meaningfulvaluesfor all textures.

Considerthe four texturestaken from the datasetin Figure 6.3 While global
featuredescriptorssuchas grey-level histogramscanbe sensiblygeneratedrom all
four textures,it is clearthattexture numbers26 and47 have propertiesnot presenin
texture numbers31 and 74, andvice versa. The former two textureshave dominant
lines that definethe texture, whereasthe latter two have roundedobjectsthat have
circular propertiessuchasradius. Simply the confirmationof the presenceof such
featureswould allow the two pairsto be discriminated,and thenthe valuesfor the
relevantfeaturemay be usedto discriminatebetweenextureswithin eachpair.

However featuresdescribedas suchmay be very difficult to design. To extract
high-level circularfeaturedrom thetexturesin Figure6.3would involve complexim-
ageprocessinglgorithmssuchasthe Houghtransformwhich mayrequiresignificant
fine tuningto berobustover differenttextureswith similar properties.

An exampleof applicationthat demonstrateslass-dependerieatures,but one
which doesnot rely on complicatedfeatureextractors,is documentclassification.A
documentof text canbe reliably describedoy the setof n mostfrequentlyoccurring
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Brodatztextureno. 31 Brodatztextureno. 74

Figure 6.3: Texturesshawing linearandcircularfeatures

words, excluding commonwords suchas ‘and’ and ‘the’. Documentshenmay be
distinguishedy the occurrencef certainrecognizedvords. This is a casewherethe
contet of the documentin questiongreatly affectshow it is cateyorized. Particular
wordswill bepresenfor particularsubjectareasandthe presencef thesewordscan
beusedasclass-dependef¢atures.

For exampleahierarchyof documentgouldbecreatedy distinguishingdifferent
cataeyories of subjectmatter Supposeone high-level subjectwas ‘sailing’. Once
documentshad beenclassifiedas having a subjectrelating to sailing, then further
classificationcould be doneby searchingor the words, ‘dingy’, ‘yacht’, and‘ship’.
Without the pre-conditioningon the documentsaboutsailing, one would not expect
thesewordsto be commonenoughto be ableto be usefuldiscriminants.

Thenext sectiondescribes methodfor measuringhe class-dependemiatureof
featuresusingthe overlapof class-conditionatiensityfunctions.
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Figure 6.4: Classconditionaldistributionsfor threeclassesa) the individual distributionsfor
eachclass b) the overlapbetweerclasspairs{w, w,}, and{ws, ws}.

6.3 Conditional independence

Althoughthereis compellingevidencethatclass-dependefaturesnaybeof usein a
mary-classclassificatiorproblem,a formal definitionandanalysisof class-dependent
featuress neededo be ableto quantify the possiblebenefitsand reasonaboutthem
clearly. A goodstartingpointis thedefinitionof class-dependef¢aturesusingcondi-
tionalindependence.

This is an importantconceptregardingclass-dependeriéaturessinceit canbe
formulatedas:

P(w[x,Q) = P(w|Q).

This meangthatthe classvariable,w, anda particularfeature,x; canbeindependent
conditionedon the setof classesQ. In otherwords,thedependencbetweerfeatures
andclassesnay vary given a setof classesasa context. The meaningof the above
relationshipis illustratedasin Figure6.4.

Herethe class-conditionaprobabilitiesare dravn asnormaldistributions. If we
let the classlabel be describedby a randomvariableW whereW € {w;i = 1,...,k}
andthe featurebe representetby a randomvariableX whereX € R. ThenW andX
areindependenif P(W = w|X = x) = P(W = w). (Thisis writtenasP(wi|X) = P(w)
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for brevity). This stateshatthey areindependenif knowing the valueof X doesnot
changeour beliefin thevalueof W.

Figure 6.4 shaws class-conditionatlistributionsfor threeclasseghatarenotin-
dependentAs x; changeshenwe canmake someinferencesaboutthe probablevalue
of w.

If we conditionthe posteriorprobabilitieson the subseQ = {wy, w,} thenit can
beseerthatx; andw arenow independentkKnowing thevalueof x; doesnotaffectthe
probability of the classlabel significantly becausehe class-conditionadlistributions
arevery similar for the two classes.Thereforeif we are makinga decisionbetween
classesw; andw, thenthis featureis of little useandcanbe omitted. Corverselya
measuref dependences usefulto selectthosefeatureswhich areusefulfor discrim-
inating betweerspecificsetsof classeslf we conditionthe posteriorprobabilitieson
the subsetQ = {wy, wz}, X3 andw arenow dependentThe valueof x; now tells us
with certaintythevalueof w (low valuesof x; meangheclasslabelis w;z, high values
meantheclasslabelis wy3).

The degreeof dependenceetweenthe classvariableandspecificfeaturesgiven
opposingsubsetof classesanbe calculatedvia the areaof overlapof thetwo class
conditionaldistributions. If Q; andQ, arethe two classsubsetgo be distinguished
thenthe areaof overlapbetweerthetwo class-conditionadlistributionsis:

0(@1,00,%) = 1-3 [ Ip(XI%) - p(X/Cr) .. (6.1)

If the overlapis 1 thenthe classvariableis independentf thefeaturex;. If there
is no overlap thenthe featurewould be a good discriminantbetweenthe two class
subsets.

This measurevould be a goodindicatorfor a featureselectionalgorithmwhose
taskwasto selecta setof featureswith gooddiscriminationproperties.Theimportant
issueis that the measureof discriminationis donebetweentwo setsof classesand
thesetwo setsmight not representll the classesn the problem. Theremight be
someclassesvhoseinteractionwith the featurein questionis of noimportance.This
matcheghe classdecompositiorparadigmwherethe modelsarelearnton subsetof
classesandit is arguedin thenext sectionthatthis overlapmetricis particularlyuseful
in determiningthefeaturedor eachsubmodebf a classdecompositiorclassifier
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6.4 Applicability to many-classproblems

It hasbeenshavnin Chapte thatadvantagesanbegainedby breakingdown mary-
classproblemsof a setof k classesQ = {w;;i = 1,...,k}, into a combinationof
binary problemsbetweentwo subsetf classesQ; andQ,. The classsubsetanay
both be single-elemensetswhere Q) = {w} and Q; = {wj;j # i}. This leadsto
pairwisediscrimination.Or the classsubsetsnay be chosensuchthat Q; = {wy} and
Qr = {w;;V]j # i}, thisin turnleadsto the popularl-of-n classification Or alternatve
Q maybesplit by successie binary partitionsof the classeghatleadto a hierarchical
classifier This is discussedtlengthin Chapter.

By whaterer methodthe classesare split into left andright subsetsfeaturese-
lection shouldbe performedfor eachseparatdinary decision. The analysisof class-
dependenteaturess concernedvith selectingdifferentfeaturesetsfor differentdeci-
sionsbetweersetsof classesThisis calledlocal feature selectionandis achiezedvia
the overlapmetricdefinedin the above section.Section6.7 describesiow this metric
may be usedfor featureselection.

Althoughstudiedfor overthreedecadesiow, the procesf selectinghe optimal
featuresetfrom alarge setof possiblefeatureshasprovedalargely unsohedproblem
dueto the combinatoriakexplosionof the numberof possiblefeaturesubsetsvhenthe
numberof featuress large. Informationon class-dependefeaturesanaid thefeature
selectionprocesdo guidethe searchor the optimumfeaturessetsin a mary-feature,
mary-classclassificatiorproblem.

Severalclassseparabilitymetricsarewell-known andusedasthe objectie func-
tion in featureselection,however none explicity definethe setsof classeghat are
being discriminated. This informationis of courseimplicit in the methodusedfor
featureselectionandpartof the problemdefinitionwheneerfeatureselections being
performedor ary classificatiorproblem.Thedifferencehereis thatthechoiceof class
subsetss beingstatedclearly aspartof the metric.

6.5 Previouswork

Thereis little citablework usingthetermclass-dependeri¢aturesexceptfor Oh, Lee,
andSuenof the Departmenbf ComputerScienceat the Chonhuk NationalUniversity
in South Korea(Oh, Lee and Suen,1998; Oh, Lee and Suen,1999). The reader
is referredto Section3.8 for a discussionon otherwork relatedto class-dependent
features.
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The parallel work by Oh et al mirrors someof the work in this thesisand is
describedelov. Thework presentedn Chapter7 extendsthework describechereby
shawing the effect of class-dependetieaturesacrossthe setof classdecomposition
modelsdescribedn Chapter.

A class-dependeriéatureis definedasa featurethat hasdifferentmeritsto dif-
ferentclassesn termsof discriminatingpower. Thisis entirelyin accordancevith the
definition givenin this thesis,however the more formal definition using conditional
independences preferred.The notationhasbeenchangedrom Oh’s original paperto
fit the standardstatisticalpatternclassificatiomotationusedin this thesis.

Oh et al definemetricson the separabilityof classesand classsubsetgjiven a
particularfeaturevectorx. Thesearedefinedbelow. A separatiobetweertwo classes
is definedas:

SYw, wj,x) = /Ip(XIQ)—p(X\wj)IdX- (6.2)

Thentheclassseparatiorfor agroupof classess formulatedas:

F(Q,x) = Z Z S0, wj, X). (6.3)
WEQ W EQ,j#i
Similarly, the classseparatiorbetweena single classanda group of classess given
as:

S, Q,x) = 5 S(wr, Wy, X). (6.4)
0KEQ

A non-parametrikernel-basedensity estimatoris usedto evaluate p(x|wy).
Equation6.2 representshe degreeof overlapbetweerthetwo class-conditiongbrob-
ability densitiedor classesy andw;.

The methodusedto selecta particularfeaturesetto discriminateone classwy
from the setof all otherclasseQ = {wj,V] # i} simply selectsthe setof n features
with the highestvaluesof S9(wy, Q,x) wherex = (x) for eachsinglekth feature.

A modularneuralnetwork is usedto performthe k-classclassificationusing a
setof k multi-layer perceptronsM;,i = 1,...,k. EachMLP, is trainedusingthe spe-
cific featuresetselectedfor the classw. The outputsfor the ith model (O;1, O;2)
aretrainedto distinguishbetweenpositive sampleswhich belongto classw; where
(Gi1,0i2) = (1.0,0.0), andnegativesamplesvhich belongto ary of the otherclasses
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trainingset| testset
CGD 98.92 95.10
DDD 98.97 97.30
class-common| 99.42 97.60
class-dependent 99.47 97.85

Table 6.1: Comparisorof recognitionratesfor CENFARMI databasdérom Oh, LeeandSuen
(1999)

trainingset| BStestset| goodBS testset

CGD 99.52 96.50 98.15
DDD 99.49 96.55 98.42
class-common 99.68 96.98 98.59

990.71 97.27 98.73

—

class-dependern

Table 6.2: Comparisonof recognitionratesfor CEDAR databasdrom Oh, Lee and Suen
(1999)

in Qi = {wj,V]j # i} where(Gj1,0i2) = (0.0,1.0). Thefinal outputof eachclassifier
is the differencey; = Oj; — Oj». Thefinal classis choserasw; for the modelwith the
greatesbutputy;.

In actualfact the modelsM; cansimply be usedto outputthe posteriorproba-
bility of classwy giventhe input vectorx;, P(uy|x;), andthe classwith the greatest
posteriomprobabilitychosen.Thisis dueto thefactthatan MLP correctlytrainedwill
approximatgBishop,1995)0;; andO;, asP(w|xi) andP(Q;|x;) respectiely, where
Qi = {wy,Vj #1i}.

SinceP(wi|xi) = 1— P(Qj|xi), theny; asabove reducessimply to 2P(wy|x;) — 1
whichis proportionatto P(uy|x;).

Theresultsshav thata smallbut significantincreasen classificatiorperformance
canbeachiezedonahandwrittendigit datase{10 classesj)vhenusingclass-dependent
features.Thisis shavnin Tables6.1and6.2replicatedrom Oh,LeeandSuen(1999).
In thesetables,CGD refersto the useof ContourbasedGradientDistribution features
which arerepresentedly afeaturevectorof 256realvaluesthatarederivedfrom edge
detectiongradientsn eachimage.DDD refersto the useof DirectionalDistanceDis-
tribution featureswhich arerepresentetly a vectorof 256 realvalueswhichrepresent
distancesetweenpixelsin the image. Details of thesealgorithmscan be found in
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(Srikantan Lam andSrihari,1996;0Oh, LeeandSuen,1998). Theresultsin therows
labelledclass-commomive the classificatiorrateswhenselectingthe samecommon
256 featuresfrom the 512 combinedCGD and DDD featuresfor eachclass. The
resultsin therows labelledclass-dependemjive the classificatiorrateswhenselecting
differentsetsof 256 featuresfor eachof the 10 classes.The CENFARMI database
is a datasebf handwrittendigits which consistsof 4000training samplesand 2000
testsamples.The CEDAR databseconsistsagainof handwrittendigits with 18,468
training samplesand 2,711 testsamplesn the BS testsetand 2213testsamplesn
the goodBs testset. The goodBS testsetwasconstructedisingthe well-segmented
sampledrom the BS datase{Oh, LeeandSuen,1999). An consistentmprovementis
showvn whenusingclass-dependeffeatures.

This work is extendedin this thesisby consideringocal featureselectionfor the
setof classdecompositiormodels. The modularneuralnetwork usedin Oh’s work
is an exampleof the one-ofn classdecompositiorclassifier andresultsareshovn in
Chapter7 that shav the sameresultscan be obtainedfor pairwiseand hierarchical
decompositions.In Oh’s work half of the available featuresare selected wherein
Chapter7, resultsare shavn whenvarying the fraction of featuresselectedfor both
linearandnon-lineamodelsto shaw thatthistrendis consistenacrossall modelsand
fractionsof featuresselected.

It is interestingto note a very early paper(Swain and Hauska,1977) suggests
a manualmethodfor selectingclass-dependerieatures(althoughnot by that name)
via a ‘coincidentspectralplot’, which plots for eachfeaturethe rangesof valuesfor
eachclass. In this casethe featuresare definedas specificrangesin a spectralband
of satellitesignals.Fromthis diagramit caneasilybe seenthatfor particularfeatures
andsomesubsetof classeghereis little or no overlapin featurespace shaving that
thatfeaturewould be a gooddiscriminantfor thoseparticularclassesThisis in facta
visualinterpretatiorof the separatioormeasuregivenin the sectionabove.

6.6 Consequencesor classifierdesign

Oneimportantconsequencef usingclass-dependefeaturess thatwhendescribinga
classby asetof featurespnenolongerneeddo restrictthechoiceto featuregealisable
for all classes. In factit would be more advantageougso actively choosefeatures
thatrepresentnostspecificallythat classwithout concernfor the applicability of that
featureto the otherclasses.In this way, the class-dependerieéatureswill be a more
accurateaepresentationf eachclass.



CHAPTERG6. CLASS-DEPENDENTFEATURES 116

This could have animpactfor classifierdesignandthe choiceof measurements
taken, andthe choiceof featuresextracted. If certainfeaturesare expectedto have
discriminatoryinformation for only a subsetof classesy design,thenthis canbe
reflectedin the choice of featuresfor specificsubmodelsn a classdecomposition
classifier This informationwill aid the featureselectionfor eachsubmodel. When
usingthe hierarchicaklassifier thereis flexibility in the choiceof the classhierarchy
andthis could alsoreflectany groupingof classedoy commonpropertieswhich are
known apriori atthedesignstage.

The fundamentalssueis that sinceeachclassis representedsa whole concept
for all of the classdecompositiortlassifiersandthesetof classess manipulatedvith
this in mind, then the classifiersare more interpretable. The relationshipsbetween
featuresandclassesanbe expressedy the classifier andthis propertycanbe used
to either aid the designthrough prior knowledge, or aid the understandingf the
problemby interpretingan automaticallydesignedclassifier This automaticdesign
processinvolves featureselectionat eachsubmodel,called local feature selection
beforeadaptinghe parametersf theeachfinal submodel.Theis discussedh thenext
sectionand contrastedwvith the alternatve methodof global featue selectionwhere
eachsubmodelseshe samefeatureset.

6.7 Global and local feature selection

In the history of patternclassificatiorandfeatureselectionit hasmoreoften beenthe
casethata setof featureds selectedor the problemin generalandthereis seldoma
formalismfor selectingfeaturesfor decomposition®f the problem. However, given
the decompositiorof the setof classesasdescribedn Chapters, it is straightforvard
to applyfeatureselectionto the subproblemsvithin eachmodelin thedecomposition,
regardlesof thedecompositiorchosen.

The distinctionis madeherebetweenglobal featureselection,wherebythe set
of featuresis selectedfor the whole problem, and eachsubmodelsharesthe same
featureset,andlocal featureselectionwherea separatdéeaturesetis selectedor each
submodeindependentlyf all othersubmodels.

If the costof evaluatingfeaturess high thenthe hierarchicalclassifieris partic-
ularly usefulwhenusedwith computationalkut-off sincefor all but the ambiguous
classificatiomueriesyery few featureswill have to be evaluatedseeSection4.10.2).
A typical applicationwould beautomatidargetrecognition(Dodd, Bailey andHarris,
1998;Harris,Bailey andDodd, 1998).
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It is expectedthat for a fixed size of featureset, thatif featureswere selected
locally for eachmodelin ary of the classdecompositionghen this would resultin
a higher classificationrate than selectinga single featureset of the samesizeto be
usedglobally for all models. However the classificationsystemusing local feature
selectionwill effectively be using more featuresoverall thanthe systemwith global
featureselection.If the purposewasto reducethe numberof featureso be evaluated
dueto a high costof featureevaluationthenit would seemtherewould beno gainin
usinglocal featureselection.

Howeverthisis notthe caseif notall themodelsin the classdecompositiomeed
to be evaluated. Computationalcut-off hasalreadybeendiscussedor hierarchical
andpairwisedecompositiongn Chapter4. In the caseof hierarchicaldecomposition
all but the ambiguouspoints can be classifiedusing a minimal setof nodesin the
decomposition.This meanghatthe numberof featuresevaluatedfor the majority of
pointswill be minimised. This is in contrastto the one-ofn decompositionwhere
all k modelsmustbe evaluated. For the hierarchicalcase,assuminga balancedree,
only log, k modelsmustbe evaluated.This is a considerablesaving on the numberof
featuresavaluatedfor eachpoint.

Featureselectionalgorithmstend to be greedyforward searche®r backwards
eliminations,or a combinationof both (Jain and Zonker (1997) and Dashand Liu
(1997)review featureselectionalgorithms). A metric needsto be definedthatorders
thefeaturesn termsof the expecteddiscriminationability for the classificatiornprob-
lem. The metric may apply to singlefeaturesat a time or a combinationof features
wherebycorrelationsbetweenfeaturesaretaken into account,andnot just the corre-
lation betweenthe featureandthe classlabel. For class-dependerieéatureselection
the metric needsto be conditionedon a specificsubsetof the classes. The overlap
metric definedin Section6.3 is suitablefor this purpose althoughfeatureto feature
correlationsaarenot measuredA selectionalgorithmneedgo be chosenthatselectsa
suitablesubsebf featuregyivena specificclasssubsetlf therearemary featureghen
thenumberof possiblefeaturesetsis prohibitively largefor anexhaustve searchsoa
practicalsolutionis to simply orderthefeatureausingthedefinedmetricandselectthe
p bestfeatures.This is the techniqueusedin the Chapter7 for bothlocal andglobal
featureselection.
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6.8 Summary

In this chapterthe conceptof class-dependeri¢atureshasbeenformally definedand
motivatedfrom examplesof real-world data. It is expectedthatin problemsof mary
classesand mary featuresthat not all featureswill be gooddiscriminantsfor all the
classesThisis expressedy theconcepif conditionalindependencef the predicted
classlabel and the feature,given a subsetof classedo choosefrom. A metric can
be calculatedvia the overlapof the class-conditionatiensitiesor eachfeaturefor the
classesn the subset.Featuresanbe selectedor the submodelsn a classdecompo-
sition classifierusingthis metric, with the purposeof reducingthe numberof features
for eachsubmodel.

This is a novel approachalthoughtherehasbeenwork in parallelthat mirrors
someof thework presentedhere(Oh, LeeandSuen,1999). The developmentof mul-
ticategory classificatiorin conjunctionwith class-dependeiféaturess important.The
useof class-dependetfiéaturesto selectfeaturesetsfor submodelsn a combination
of 2-classclassifierds studiedin this thesisfor several differentclassdecomposition
paradigms.This further developsthe work in (Oh, Lee and Suen,1999),whereonly
theone-ofn paradigmis explored.

Theseissuesare exploredin practiseby consideringa handwrittenrecognition
problem. This is describedn Chapter7 whereexperimentsusingreal andsimulated
dataaredetailed.



Chapter 7

Analysis of simulated and real-world
data

A numberof experimentswere carriedout to evaluatethe effectivenessf the algo-
rithmspresentedn this thesis.Severalissuesareunderevaluationhereandthey are:

e comparisonof one-ofn, pairwise, and hierarchicaldecompositiongor mary
classproblemsfor increasinghumbersof classes,

demonstratiomf linearandnon-linearmodelsfor eachdecomposition,

comparisorof globalandlocal featureselectionfor eachdecompaosition,

demonstratiof the performancef eachdecompositiomnreal-world data,and

demonstrationhatthe classhierarchycanaid problemunderstanding.

To allow ample control over the experimentsand to aid the understandingf
the performanceof eachalgorithm a numberof simulateddatasetsare usedin the
experiments. Peformancas also measuredn experimentson real-world data. For
the hierarchicaklassifier the classhierarchywasfoundby agglomeratre hierarchical
clusteringasdescribedn Section5.3.10r choserrandomly

All theexperimentsverecarriedoutin software,andthefirst sectionof thischap-
ter describeshe designof the softwarethatwaswritten speciallyfor the experiments.

7.1 Softwaredesign

Thedesignandimplementatiorof the softwareusedto generatéhe decisionboundary
diagramsin Chapter4 andthe experimentalresultsin this chapteris detailedhere.

119
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The codewasdevelopedusingan object-orientedlesignmethodologyin C++. Class
diagramsare presentedising the Unified Modelling Language(UML) which is an
industry standardor object-orientednodellingdescriptions.This appendixpresents
anoutline of the softwaredesignandis not intendedasa completedescriptionof the
sourcecode somostof thedetailof the specificclassmethodsandattributesis omitted
for clarity.

In all, over 18,000lines of original codewas written for the evaluationof the
resultsin this thesis. The programsusedwere compiledusingthe g++ compilerand
ran underLinux, outputtingthe resultsto text andimagefiles. During the courseof
the PhD, and additionalto the lines of codementionedabore, both X-Windows and
Microsoft Windows interfaceswere developed,but they are not documentecdereas
they donotplay a partin thefinal results.

The object-orienteddesignplayeda significantrole in the developmentof the
theoryandvice-versa. The objecthierarchicalshavn in Figure7.1 hassimilaritiesto
the classifietaxonomyshown in Figure4.1. Throughimplementatiorof the different
classificatioralgorithms the similaritiesanddifferencesf the one-ofn, pairwiseand
hierarchicaklassifiersarehighlighted.Thisis borneoutin the objecthierarchy

7.1.1 The classifierobject hierarchy

The mostfundamentakonceptin the software designis the classifierandthis is re-
flectedin theimplementatiorby a setof C++ classeslervedfrom thesingleClassifier
baseclass. The baseclassandits derived classesareshown in Figure7.1. The base
classdefinesthe attributesand methodsfor a genericclassifieras shovn in Table
7.1. The Classifier baseclasssuppliesvirtual methoddor firstly initialising a binary
classifieror multiclassclassifier andsecondlyfor trainingandclassificationandthese
areimplementedappropriatelyby the classeghatinheritfrom the baseclass.

The LinearDiscriminant, BayesClassifier MLPClassifier, and Compound-
Classifier are all direct specialisation®f the Classifier baseclass. The OneOfN-
Classifier, PairwiseClassifier, and Hierar chicalClassifier are specialisation®f the
CompoundClassifierclass.Thisis dueto the commonbehaiour of thesecompound
classifiers(in the restof the thesistheseare called classdecompositiorclassifiers),
sincethey all definealist of Classifier objectswithin them. They differ in theinitiali-
sationprocedureandin theclassificatiorproceduraisedto calculatehefinal posterior
vectors. This is reflectedby the factthateachof the threecompoundclassifiersneed
only definethe initialise_multiclass()and classify()methods. The train() methodis
the samefor all threeandinvolvessimply trainingthelist of classifierghathave been
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Classifier

protected int n_features
protected VECTORKint> features

protected List<int> left_classes
protected List<int> right_classes

public void train(Dataset &data)

public void initialise_multiclass(Dataset &data, VECTORK<int> features)
public void initialise_binary(Dataset &data, List<int> left, List<int> right, VECTOR<int> features)

public void classify(Dataset &data, MATRIX<double> &posteriors)

N

121

LinearDiscriminant

MLPCI.

protected VECTOR<double> parameters

MLPNN *mlip

public void initialise_binary()
public void train()
public void classify()

public void train()
public void classify()

public void initialise_binary()

CompoundClassifier

protected int n_classifiers
L—<iprotected List<Classifier> classifier_list

public void initialise_multiclass()
public void train()
public void classify()

BayesClassifier

protected VECTOR<double> *mean
protected VECTOR<double> *covariance

public void initialise_binary()
public void train()
public void classify()

OneOfNClassifier

PairwiseClassifier

HierarchicalClassifier

Tree hierarchy

public void initialise_multiclass()
public void classify()

public void initialise_multiclass()
public void classify()

public void initialise_multiclass()
public void classify()

Figure 7.1: Theclassifierclassdiagram
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HierarchicalClassifier

Tree hierarchy

public void initialise_multiclass()
public void classify()

public void agglomerative_design()
public void divisive_design()

0.*

Tree Node
Node *root O int id
Node *position double value
Node *child
Node *sibling

public void add_child()
public void add_sibling() - - -
public void shift_branch() public void add_child()
public void add_sibling()

Figure 7.2: Thehierarchicaklassifierclassdiagram

setup,andthis methodis suppliedby the CompoundClassifierbaseclass.

7.1.2 The hierarchical classifer

TheHierar chicalClassifier classis alittle morecomplicatedhanthe othertwo com-
poundclassifierssinceit involvesthe implementationrand manipulationof the class
hierarchyusinga treedatastructure. Theseareimplementedvia the Treeand Node
classesas showvn in Figure 7.2. The id attribute in the Node classassociateshe
nodein thetreewith oneof the binary classifierdefinedin the CompoundClassifier
class. Extra methodsareincludedin the Hierar chicalClassifier classto implement
algorithmsto designthe classhierarchy

7.1.3 The multi-lay er perceptron classifier

The MLPClassifier classis in facta wrapperfor the MLPNN classkindly supplied
by Steve GunnandJasvindeiKandola. Originally designedor regressionproblems,
the codewas adaptedto model classificationproblemsand called from within the
MLPClassifier methods.The MLPNN classusesa ScaledConjugateGradientclass
written by Steve Gunnto adaptthe modelparameters.

7.1.4 Associatedclasses

Otherimportantstructuresaredescribedn this sectionmostnotablythe Datasetclass
which is usedto storeandmanipulatethe applicationdatafor training andtestingof
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Attrib utes Description

features A vectorof integersthatdefinewhich
featuresfrom the datasetare to be
usedfor trainingandclassification

left_list A list of left classindicesfor binary
classifiers

right_list A list of right classindicesfor binary
classifiers

Methods Description

initialise_binary()

Initialises classifier parametergrior
to training to solve a binary classifi-
cationproblem

initialise_multiclass()

Initialises classifier parametergrior
to training to solve a multicateyory
classificatiorproblem

train() Adapts the model to fit the training
data
classify() Outputsposteriomrobabilitiesfor the

testdata

nonparametric_feature_select()

Selectdeaturedor theclassifier

global_nonparametric_feature_seleg

tGelectdeaturesglobally for the clas-
sifier

calculate_mse()

Calculatesthe mean squarederror
from thedataseandposteriors

calculate_classification_rate()

Calculategheclassificatiorratefrom
thedataseandposteriors

output_confusion_matrix()

Outputstheclassificatiorresultsfor a
trained classifieras a confusionma-
trix

drav_boundary_to_dmatrix()

Draws decision boundary diagrams
for atrainedclassifier

Table 7.1: Attributesandmethoddor Classifierclass
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Classifier

protected int n_features
protected VECTORK<int> features
protected List<int> left_classes
protected List<int> right_classes

public void initialise_multiclass(Dataset &data, VECTOR<int> features)

public void initialise_binary(Dataset &data, List<int> left, List<int> right, VECTOR<int> features)
public void train(Dataset &data)

public void classify(Dataset &data, MATRIX<double> &posteriors)

Dataset 1.x
String *feature_labels ClassData
String *class_labels double determinant
double *data VECTOR<double> mean

. . . . MATRIX<double> covariance
public void create_train_and_test_datasets(Dataset &train, Dataset &test)

public void calculate_nonparamteric_overlap(List<int> left, List<int> right, int feature)
public void calculate_euclidean_distance(List<int> left, List<int> right)

Figure 7.3: Thedatasetlassdiagram

theclassifiers.

An importantandfundamentatlassis the Tensor classwhich is usedto imple-
mentthe VECTOR and MATRIX datatypes. This hasbeenimplementedandrefined
over time by Steve Gunn. Vectorand matrix operationsusedfrom this classarethe
additionand multiplication of vectorsand matrices,andthe determinantandinverse
operatorn matrices.

Otherutility classesmplementedverelList, andListPtr. While thereare stan-
dardlibrariesfor this type of class,atthe outsetit wasfelt thatfor portability between
compilerstheseclasseshouldbeimplementedpecificallyfor the PhDsoftware. With
theimplementatiorof the C++ StandardlemplateLibraries(STL) for mostcompilers
now, the STL classesvould be usedfor future projects.

7.1.5 Summary

This sectionhasdescribedhe classstructurefor the software usedto implementthe
algorithmsneededio perform the experimentsin this thesis. The remainderof the
chapterdescribeghe experimentsandthe results startingwith the generatiorof sim-
ulateddatasets.
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7.2 Simulated datasets

Simulateddatasetfiave beenusedto confirmthetheorypresentedih Chapte# regard-
ing the performanceof the threedecompositionasthe numberof classedncrease.
The useof simulateddatasetss promotedasthe compleity of the problemcanbe

controlledand the distributions of the dataknown. This allows the experimentsto

investigateassumptionsf normally distributedclassesvithout any unknavn external

effects. Datasetsvere generatedvith an increasingnumberof classes.Thesewere

thenclassifiedusingone-ofn, pairwise,andhierarchicaldecompositionsTwo types
of dataseweregeneratedpneto shav theperformancef eachdecompositionandthe

secondo show the effect of featureselectiorfor the hierarchicaimodelin particular

7.2.1 Normally distrib uted classes

Thefirst of thetwo typesof simulateddatasegenerateds characterisethy normally
distributedclassesThe pointsfor eachclassweregenerateédssuch;200 pointswere
generatedor eachclassaccordingo a multivariateGaussiardistribution. The covari-
ancematrixfor eachGaussianvasfixedasal wherel is theidentity matrix. Themean
for eachGaussiawasgenerate@sa uniform vectorin theunit hypercubewhichwas
fixedat 2 dimensions.Exampleplots of typical datasetgieneratedisingthis method
areshowvn in Figures4.5and4.6.

7.2.2 Best-casehierarchical datasets

A secondsetof datasetsvasgeneratedo illustratethe effect of featureselectionfor
the hierarchicalclassifier To illustratethe example,a datasebf threeinputsandfour
classeds used. The class-conditionadlistribution for eachinput is shovn in Figure
7.4. The classesaregroupedsuchthatQ; = {C1,C} andQ, = {C3,Cs}. A sample
datasein 3 dimensiongrom this distribution is shavn in Figure 7.5. Although this
type of datasets particularlycontrived,it doesillustratethe best-casscenaridor the
hierarchicaklassifier

7.3 Comparions of algorithms on simulated data

Datasetsvere generatedas describedn Section7.2.1. The varianceo was defined
suchthat therewaslittle overlap betweenpoints of differentclasses.Four typesof
classifierwere comparednamelythe one-ofn classifier the pairwiseclassifier and
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Figure 7.4: Probabilitydistributionsfor threeinputsandfour classes

Simulated data lying in three dimensions
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Figure 7.5. Exampleof a simulateddatasewith four classeggeneratedguchthat subsetof

classesanbediscriminatedusingasingleinputvariable
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the hierarchicalclassifierusing both a randomclasshierarchy anda classhierarchy
foundusingtheagglomeratie clusteringproceduraisinganEuclideardistancametric
asdescribedin Section5.3.1. The form of the submodelsusedwithin eachof the
above classdecompositionsvas also varied. Firstly the classificationratesusing a
logistic linear discriminantareshowvn in Figure7.6. Secondlythe classificatiorrates
usinga multi-layer perceptrorareshavn in Figure7.7. Thirdly theclassificatiorrates
using a Bayesplug-in classifierusing Gaussiarclass-conditionatiensity estimation
(seeSection2.6) areshown in Figure7.8.

Themulti-layerperceptrongachhadonehiddenlayerof 5 nodesandwerebatch
trainedusingscaledconjugategradientsvith amaximumof 400trainingcycles. They
werefirst initialised usingthe classmeandor theleft andright classsets(eachMLP
submodelis always a 2-classclassifier). Weight decayregularisationwas usedto
controloverfitting.

Generalisatiomrlassificatiorrateswerecollectedby splitting thedataseténto 100
trainingpointsand100testingpoints,andclassifyingthetrainedmodelsontheunseen
testingpoints. The numberof classesvasvaried between2 and 32 classesandthe
wholeprocessvasrepeated 0timesandaveragedor eachpointonthegraph.Graphs
aregivenfor the averageclassificatiorrateandalsofor the statisticalvarianceof the
classificatiorrateasanindicationof the statisticalsignificanceof the results. This is
preferredovertheuseof errorbarsasthe graphswvould betoo clutteredusingerrorbar
plots. The statisticalvarianceof the classificatiorrateshouldnot be confusedwith the
concepif modelvariancewhichis anindicationof theflexibility of amodel.

7.3.1 Assumptionsmadeand assumptionsbroken

Thelogisticlineardiscriminantclassifierdhave theunderlyingassumptiorthatthetwo

classedeingdiscriminatedhave Gaussiardistributions with equalsphericalcovari-

ancematrices(seeSection2.7). Using the simulateddata, this is the casefor each
individual class but it mustberememberedhatdiscriminationis beingdonebetween
classsubsetghat are superposition®f sphericalGaussians.In the hierarchicaland
one-ofn casegheassumptiongor lineardiscriminationarebeingbroken. In the case
whereeachclassis assumedo benormallydistributed,usingaBayesplug-in classifier
with Gaussiaristributions,noassumptionarebeingbrokenfor thepairwiseandone-
of-n classifiers.The hierarchicalclassifieris expectedto performlesswell dueto the

Gaussiarassumptiondeing broken. This is readily explainedin Section4.7.1. The

MLP makesno explicit assumptionsntheform of theclass-conditionadlistributions,
but its flexibility is affectedby the numberof hiddennodes.
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Figure7.6: (a) Averageclassificatiorratesover 10 runsfor linearsubmodel®n 2-dimensional
Gaussiardatadistributions. The one-ofn classifieris shavn to performbadly while the hier-
archicalandpairwiseclassifiersclassifiersshav consistentlygoodresults.Evenwhenusinga
randomclasshierarchythe hierarchicaklassifieroutperformshe one-ofn decomposition(b)
Varianceof the classificatiorrates.
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Classification rate against increasing number of classes
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Figure 7.7: (a) Averageclassificatiorratesover 10 runsfor MLP submodel®n 2-dimensional
Gaussiardatadistributions. The classifiersall shav good performancehowever a clearly
indentifiedorderingis shavn asthe numberof classesncreaseshawving the hierarchicaland
pairwiseclassifiersareconsistentlynoreaccurate (b) Varianceof the classificatiorrates.
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Classification rate against increasing number of classes
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Figure7.8: (a) Averageclassificatiorratesfor Gaussiasubmodel®n 2-dimensionaGaussian
datadistributions. The pairwise and one-ofn classifiersshav equvalent resultswhile the

hierarchicaklassifierconsiderablyThis is explainedby thefactthatthe one-fo-nandpairwise
classifiersare not breakingary underlyingassumptionand usethe correctdensitymodels.
At eachnodethe heirarchicallassifieris approximatinga mixture of Gaussiansvith asingle

Gaussiardensitymodel. (b) Varianceof the classificatiorrates.
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7.3.2 Results

The graphsshawn trendsas expected. For two classesall threemodelshave equal
performanceandasthe numberof classesncreasehe performancenevitably drops
for all modelsasthe classe®verlapandbecomenseparable.

Whenusinglogistic linear discriminantsasthe form of the submodeldor each
classdecompositiorfseeFigure?.6a)the hierarchicakndpairwiseclassifiergperform
well. The classificatiorrateis closeto 1.0 andhardly decreasefor large numbersof
classes.Thisis in the orderof the optimum performancdor the particularsimulated
datasetsHowever the performanceof the one-ofh modeldegradesdrasticallyasthe
numberof classesncreases.This is aspredictedsincethe one-ofn classifieris less
likely to beableto separatenary of thedatasetseparabl®y the hierarchicatlassifier
Eventhehierarchicaktlassifierusingarandomtreeoutperformgsheone-ofn classifier
Thevarianceof the classificatiorratesoverthe 10 iterations(seeFigure7.6b)is small
shaving that the averageclassificationratesshovn are a good estimateof the true
averageclassificatiorrate. The statisticalvarianceof the resultsfor the one-ofn and
randomhierarchyare higher shoving that they are lessapt to finding a consistent
solutionto the problem.

Whenusing MLPs asthe submodeldor eachclassdecompositionall the clas-
sifiers perform well (over 0.9 classificationrate for all but the greatestnumberof
classesseeFigure 7.7a). However a distinct orderingin the performancds showvn.
Thehierarchicaklassifierusingagglomeratie clusteringconsistentlyoutperformghe
pairwiseclassifierwhich outperformghe one-ofn classifierwhich againoutperforms
therandomhierarchicaklassifier Thistrendis alsoreflectedn the statisticalvariance
of the classificationrate (seeFigure 7.7b) wherethe varianceis small for the hierar
chicalandpairwiseclassifiersbut increasedor the one-ofn andrandomhierarchical
classifiergespectrely.

The processbehindthis orderingmay be explainedboth by the compleity of
the subproblemsn eachclassdecompositiornclassifierand by the methodusedto
trainthe MLPs. As arguedin Chapter4, the one-ofn classifierintroducescompleity
into a multicategory classificationproblemthatincreasesvith the numberof classes.
Althoughthe MLP canrepresenproblemsof varying degressof compleity, it does
have alimit to the compleity it canmodelwhich is definedby the numberof hidden
nodes.Thustheone-ofn classifiens expectedo suffer usingfixedcompleity models
for anincreasingiumberof classesThepairwiseclassifiehasconstantomplexity for
anincreasinghumberof classesandthehierarchicaklassifiercontrolsthe compleity
by usingthe agglomeratie clusteringprocedure.This explainsthe poor performance
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by theone-ofn classifierandtherandomhierarchicaktlassifier The pairwiseclassifier
might be suffering from overfitting dueto the overcompleity offeredby the5 hidden
nodes.This might explain why the hierarchicaklassifierperformsthe bestof all.

The training methodmay have an effect sincethe initialisationis doneusingthe
meansof the left andright classsets. Thenscaledconjugategradientswas usedfor
a fixed numberof iterationsto adaptthe initial parameterso the data. This method
could be saidto favour the hierarchicallusingagglomeratie clustering)andpairwise
classifierssincetheinitialisation of the weightsis moreappropriatefor thesemodels.
The initialisation might not favour the one-ofn or randomhierarchicalclassifier but
thealternatve is a randominitialisationwhich aidsnoneof the models.

In the Gaussiarcase the graphagainmatchegshe theory perfectlyasshovn in
Figure7.8a.The pairwiseandone-ofn classifiershave the sameperformanceshowvn
to be equialentin theory andthe hierarchicalkclassifierperformsworseaspredicted.
Again,thehierarchicaklassifieiwould alsobeequialentif a Gaussiamixturemodel
was used. It should be noted that the performanceachieved by the one-ofn and
pairwise classifiersis optimal for the problemwherethe classpoints are normally
distributed. Thestatisticalvarianceof thetheclassificatiorrateis shovnin Figure7.8b
andthis shows thatthe pairwiseand one-ofn classifiersshov muchmore consistent
resultsthanthe hierarchicaimodels,asexpected.

7.4 Training complexity for eachdecomposition

Although the resultsin the previous sectionshav that the pairwise and hierarchi-
cal classifierstendto outperformthe one-ofn classifierfor anincreasingnumberof
classesjn practiseit is usuallythe casethat the problemsizeis fixed andthe most
importantissueis the compleity of training eachclassifier This sectiondescribes
an experimentto evaluatethe training compleity of eachdecompositiorclassifierin
termsof thenumberof trainingcyclesneededvhenusingMLP submodelsTheMLPs
aretrainedasin the previous section,but the numberof classess fixed at 20 andthe
numberof training cyclesis variedfrom 0 to 280.

The MLP submodelsvereinitialised at first with randomparametersand sec-
ondly usingthe parameterfrom alineardiscriminantwhich hasbeeninitialised using
the meansof the left andright classsubsetdor eachsubmodelseeSection4.11for
details). Theresultsareshavn in Figures7.9and7.10.

It canbeseenthatfor MLPs with randomlyinitialisedweightsthatthe classifica-
tion ratesareverylow for O trainingcyclesasexpectedandincreasadramaticallywith
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Classification rate against increasing number of training cycles
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Figure 7.9: (a) Averageclassificationratesfor MLP submodelson 2-dimensionalGaussian

datadistributionson 20 classesThe numberof training cycleswasvaried. The MLP parame-
terswereinitialisedrandomly (b) Varianceof the classificatiorrates.
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Classification rate against increasing number of training cycles
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Figure 7.10: (a) Averageclassificatiorratesfor MLP submodeln 2-dimensionalGaussian
datadistributions on 20 classes. The numberof training cycleswasvaried. The MLP pa-
rameterswereinitialised using linear discriminantmodels. (b) Varianceof the classification
rates.
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moretraining cycles. The classificationrateslevel off at their peakvaluesfor large
numbersof trainingcycles.In the casefor MLPs initialised from lineardiscriminants,
a differentpicturecanbe seenwherethe hierarchicaland pairwiseclassifiershave a
betterclassificatiorratewith 0 cyclesdueto the initialisation, however, after50 or so
training cyclesthereis little advatangegainedfrom usingthis type of initialisation. It
is importantto note however that the hierarchicalclassifierconsistentlygivesrise to
the bestclassificationrate, followed by the pairwiseclassifierand thenthe one-ofn
classifier The next simulatedexperimentshaws that the hierarchicalclassifierhasa
goodpotentialfor betterclassificatiorrateusingfeatureselection.

7.5 Feature selectionon k-classproblems

It hasbeenshavnin Sectiord.7.1thatwhenusinglineardiscriminantghehierarchical
decompositiortanrepresent greatemumberof problemsandthereforeperformbet-

ter on datasetsvith increasinghumbersof classesHowever it maybethe casethatas
well asmary classesthereexist mary possibleinputsto a problem,andusingall the

featuress not alwaysdesirable asshovn by Hughes’phenomenorfHughes,1968).
It will be shavn that usinga hierarchicalclassifierin sucha caseallows modelsof

lowerdimensiorto beusedwhereeachmodelusesa small, but differentfeatureset,as
opposedo aone-ofn decompositiorthatusuallyresultsin eachmodelusingthesame
featureset.

Datawasgenerate@sdescribedn Section7.2.2above. Eachdatasetvasclassi-
fied usinga Bayesplug-in classifierwith Gaussiardistributions,andlinear classifiers
usingboththe one-ofn andhierarchicaldecompositionsFeatureselectionwasused
on eachof the linear modelsin the hierarchicaldecompositionto selectone good
discriminantfeatureif possibleandif notto selectall thefeatures.

In this casethe averagenumberof featuresfor eachmodel of the hierarchyis
considerablyessthanboththeone-ofn classifierandthe Bayesclassifiey which have
to useall the featuresall the time. The hierarchicalclassifiercantake advantageof
thefactthatthereis onediscriminatve featurethatwill separateéwo classsubsetsif
choserproperly This effectis shown clearlyin Figure7.11.

It shouldbe notedthatthe classhierarchy found usingan agglomeratie design
proceduredoesnot alwaysproducethe correctdivisionsto allow the singlediscrimi-
native featureto beused.In this caseall thefeaturesareusedfor theerrantnodein the
hierarchy thus not degradingclassificationperformancehoughnot benefittingfrom
the effectsof featureselection.Neverthelessthe averagenumberof featuregpernode
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Figure7.11: Classificatiorrateusinglinearsubmodelsindfeatureselection.Theone-ofn and
hierarchicaklassifiersselecteitheroneor all featuredor eachsubmodel.The Bayesclassifier
is usedasabenchmarlusingall thefeatures.

is still muchlowerthanthe otheralgorithms resultingin a considerablypetteraverage
classificatiorperformance.

This is animportantresultwhich lies at the heartof the motivationfor the hier-
archicalclassifier The aim is to reducethe averagenumberof featuresper nodein
problemsof mary classesn high dimensions.The analysison simulateddatasetsn
this chaptershows thatthe necessaryrendsin performancecanbe shown for a hier-
archicalclassifierto performwell undertheseconditions. In the next sectionsimilar
resultsareshown for all threedecompositionsisingreal-world data.

7.6 Real-world data

Although the simulateddatasetsn the previous sectionare useful in demonstrat-
ing propertiesof the differentdecompositiormethodsresultson real-world dataare

neededo giveamorereasonablempiricalevaluation. Thedatasetsisedto investigate
the relatedperformanceof eachalgorithmarethe MNIST and MFEAT handwriting

recognitiondatasetslescribedbelon. To illustratethe addedunderstandingprovided

by thehierarchicaklassifierthe FLIERS datasets used.
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Automatichandwritingrecognitionhasbeena challengingtopic sincethe intro-
ductionof digital computersn the 50’s. Todayit is awell establishedield with mary
successfubpplications(Plamondonmand Srihari, 2000). The interestin handwriting
recognitionin this thesisis for the purposeof demonstratinghe techniquegpresented
in the previouschapters.

Handwritingrecognitionis categyorisedby the natureof theinput andthe form of
the handwritingto berecognisedTheinput methodmaybe on-ling, or off-line. In the
on-line casethe handwritingis input using a electronicpointing device on an active
surface,suchasliquid crystaldisplaywhich electronicallymimicstheink from a pen.
A seriesof 2-dimensionadatapointsare collectedas a time-seriesasthe electronic
penmoves. In the off-line case,no time-orderinginformationis available sincethe
handwrittenscriptis written to paperusingtraditionalpenor pencilandthendigitally
scannedo producearasterimage.

The natureof the scriptmay be free-floving cursive script, or separatelyrinted
charactersThe natureof therecognitionmay be at the level of individual characters,
or words,or evenrecognitionof thetype of script(e.g. latin or arabic),or theidentity
of thewriter.

In this thesisoff-line handprintedcharacterecognitionhasbeenchosenfor the
following reasons:

¢ It is asufiiciently hard,yet well researchedrea,suitablefor the demonstration
of techniquesn thisthesis.

e Theavailability of standardiataset$or comparisorwith otherwork.

Thereare alsotwo generalapproacheso handwritingrecognition,namelysta-
tistical and structural methods. The statisticalmethodsusethe low-level pixel data
andstatisticsderivedfrom theseasfeaturedor classification(PlamondorandSrihari,
2000). Little prior knowledgeis incorporatedput featureextractorshave known in-
variancepropertieghatmay be usefulto know in advance.The structuralmethodson
the otherhanduseprior knowledgeto extractinformationon high-level featuressuch
aslinesandloopsin theimage(Marcelli, Likhareva andPavlidis, 1997). Much effort
goesinto the designof the featureextractor but with the advantagethat the features
arerelatedto meaningfulconceptsn the problemdomain.

The statisticalapproacthis by far the morepopularapproactusedin handwriting
recognitionat present.Structuralapproachesendto suffer from the additionaleffort
to design,implementandfine-tunemary application-specifideatureextractors,and
from the problemof robustnessrom noise. For thesereasonsanddueto their open
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availability ontheinternet,eithertheraw dataor non-structurafeaturesetsareusedin
thisthesis.

7.6.1 MNist handprinted digit data

The first datasetis the modified NIST dataset, constructed by Yann Le-
Cun at AT&T labs. This was created from a larger dataset compiled
by NIST. The datasetis available at the following internet web address:
http://ww.research. att.com ~yann/ocr/ mist/. Example digits
from thedatasetaireshovn in Figure7.12.

The modificationsthat were madeto the original NIST databasere described
below, thesedetailsaretakenfrom theabove web-address.

“The original black andwhite (bilevel) imagesfrom NIST weresizenormalized
to fit in a 20x20 pixel box while preservingtheir aspectratio. The resultingimages
containgrey levelsasaresultof the anti-aliasingtechniqueusedby the normalization
algorithm. The imageswere centeredn a 28x28imageby computingthe centerof
massof the pixels,andtranslatingheimagesoasto positionthis pointatthe centerof
the 28x28field.

“The MNIST databas&vasconstructedrom NIST’s SpecialDatabas& andSpe-
cial Databasel which containbinary imagesof handwrittendigits. NIST originally
designatedSD-3 as their training setand SD-1 as their test set. However, SD-3 is
muchcleanerandeasierto recognizethanSD-1. The reasorfor this canbefoundon
the factthat SD-3 was collectedamongCensusBureauemployees,while SD-1 was
collectedamonghigh-schoolstudents. Drawing sensibleconclusionsfrom learning
experimentsrequiresthat the resultbe independenof the choiceof training setand
testamongthe completesetof samples. Thereforeit was necessaryo build a new
databaséy mixing NIST’s datasets.

“The MNIST training setis composedf 30,000patterndrom SD-3and 30,000
patternsfrom SD-1. Our test setwas composedof 5,000 patternsfrom SD-3 and
5,000patternsfrom SD-1. The 60,000patterntraining setcontainedexamplesfrom
approximately250 writers. The setsof writers of the training setand test set are
disjoint”

Usingaone-ofn, hierarchicabndpairwiseclassifiewith linearnodeghe classi-
ficationresultswereachieved by trainingon thefirst 20000training pointsandtesting
on all 10000testpoints.

Theseresults,givenin table 7.2, usingcombinationsof linear classifierson the
raw data,andwithout the useof prior knowledgespecificto handwritingrecognition,



139

CHAPTER7. ANALYSIS OF SIMULATED AND REAL-WORLD DATA

T~ LWNEERTHWAMNN -0 — WP T T—0O o> No
ADACRITIN—FLATARNDO T ~TACCLS VS Mo
N—~drIF~oowbLAmeedhaa——noMON>>I~r™n](
C*FTN >0 —=mMmAN~QooobrsAA—~cl=—=cR3ATMR
RO FYr—\Ne— o 0~ T0mbLVYVER~TACET N
N A —x Qo TO—MNOCTr s TWNID XM
OCJNANMmoeFLOFErMmRLErAdNNS~PN)—M0d T o~
SN EAMVLENQYFWweE—oco -0V IS NadsorQ
O —MOVWNVWIN A~ UL~ ONONWVADB~IM O™ AT
OMO NNV T TINTMIMNEO——~A =~ J N ~lom
NR—=TFTQ0~FNA TN QUANA=D = NN~ IN—= T
POFrmITOo—Qa ~TO IR ~DPNAOFBMN-W MDD
ETATONMEONOTX=T OV O - A TmMRNOID
FCINTOINTFIORYASS VW RP~NON]
~QOUTICT—NTCAONN=BO0OX=—TFxHPOMOJF
TTARNYEEPITPRSIR® -~ AT LW ININONM®NIFIF—DZTO—
SN MmerTe~3F0—andtrLEMmA N~ LN ok
~S>orhrobuwS~d A~ rT—Fr—NOVordd WY Feo
NO SOOI "0 0SS 2ohddcn29 Mo cT=T00
NEN— 99—V UN S+~ TIO20 W~ MmO ba

Figure 7.12: Examplesof handwrittendigits (MNIST dataset)

9.69
7.55
9.49

0.9031
0.9245
0.9051

Trainingdata| Testdata| % TestError

0.90815
0.9409

One-ofn

Pairwise

Hierarchical| 0.9164

Table 7.2; Classificatiorratesfor classifieron raw MNIST data
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correlatewith the resultspublishedon the Image ProcessingResearciDepartment
websiteat AT&T which arerepeatedherefor corveniencan Table7.3.

It mustbe stressedhat the algorithmsin this thesisare not competingwith the
errorratesgivenin this table. The tableis merelyintendedasa guidelinefor results
given,wherethey arecomparabléi.e. linearmodelscomparedvith linearmodels).No
deslewing techniquegwhereslanteddigits are setupright), or distortiontechniques
(thedistortionsarerandomcombination®f shifts,scaling,skewing, andcompression)
areusedto improve the classificatiorperformancelt is fair to compareheerrorrates
for the 2-layer Neural Networks (NNs), sincethe linear modelsare not muchworse
thanmary of these.In addition,the compleity of a NN with 1000hiddenunitsis a
veryunwieldymodelto haveto trainandsheddittle interpretatiorontheproblem.The
authorfeelsthatthetechniquegpresentedh thisthesisaremuchmoreinterpretabldor
a multi-classproblemthanusingsucha large singlemodel. The LeNetquotedin the
tableis a modelspecificallydesignedor handwrittencharacterecognitionthat uses
edgefilters andsmoothingoperatorsievelopedby the groupthatcreatedhe dataset.

7.6.2 Comparison of local and global feature selection

To assestheimpactof localandglobalfeatureselectiorthefollowing experimentwas
conductedusingtheraw MNIST data.

Again 20000training pointsand 10000testpointsweretaken, andfor eachde-
compositiontheclassifieiwastrainedusingaselectiorof p featurespothgloballyand
locally. Thefractionp/nwasvariedwheren is thetotalnumberof featuregin thiscase
nis 400sincewe areworking with a 20 by 20 pixel image).Featuresvereselectedy
choosingthe bestp featuresaccordingto the class-dependemverlapmetricgivenin
Section6.3. Theresultsarepresentedn Figures7.13,7.14,7.15,and7.16.

It canbe clearly seenthat, for eachdecompositionusinglocal featureselection
resultsin higherclassificatiorratesfor a smallernumberof featuresselectecper sub-
model.Whenusingall thefeatureghelocal andglobalparadigm$ecomesquialent,
which is shown in theseresults. Sincelinear modelstendto suffer very little from
overfitting the classificatiorrateincreasesvith the numberof featuresused.However,
thereare advantagef using modelswith fewer featuresasidesfrom the reduction
of overfitting sincemodelsof fewer featuresaresimpler quicker to train andthe cost
associatedavith evaluatingthe featureds lower.

Whencomparinghethreedecompositionsisinglocal featureselectionin Figure
7.16it is showvn that the one-ofn classifierconsistentlyhasthe lowestclassification
ratewhenusinglinearmodels.
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METHOD TESTERROR RATE (%)
linearclassifier(1-layerNN) 12.0
linearclassifier(1-layerNN) [deslewing] 8.4
pairwiselinearclassifier 7.6
K-nearest-neighbor&uclidean 5.0
K-nearest-neighbor&uclideandeslewed 2.4
40 PCA + quadraticclassifier 3.3
1000RBF + linearclassifier 3.6
K-NN, TangentDistance 16x16 1.1
SVM deg 4 polynomial 1.1
ReducedsetSVM deg 5 polynomial 1.0
Virtual SVM degg 9 poly [distortions] 0.8
2-layerNN, 300hiddenunits 4.7
2-layerNN, 300HU, [distortions] 3.6
2-layerNN, 300HU, [deskewing] 1.6
2-layerNN, 1000hiddenunits 4.5
2-layerNN, 1000HU, [distortions] 3.8
3-layerNN, 300+100hiddenunits 3.05
3-layerNN, 300+100HU [distortions] 2.5
3-layerNN, 500+150hiddenunits 2.95
3-layerNN, 500+150HU [distortions] 2.45
LeNet-1[with 16x16input] 1.7
LeNet-4 1.1
LeNet-4with K-NN insteadof lastlayer 1.1
LeNet-4with local learninginsteadof || 1.1
LeNet-5,[no distortions] 0.95
LeNet-5,[hugedistortions] 0.85
LeNet-5,[distortions] 0.8
Boosted_eNet-4,[distortions] 0.7

Table 7.3: ReportedperformancaisingMNIST dataset
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Figure 7.13: Classificatiorrateusingglobalandlocalfeatureselectiorusinglinearsubmodels
with aone-ofn classifieronthe MNIST data
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Figure 7.14: Classificatiorrateusingglobalandlocal featureselectiorusinglinearsubmodels
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klassifieronthe MNIST data
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Effect of number of features selected for linear models using Pairwise classifier
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Figure 7.15: Classificatiorrateusingglobalandlocalfeatureselectiorusinglinearsubmodels
with apairwiseclassifieronthe MNIST data
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Figure7.16: Classificatiorrateusinglocalfeatureselectiorfor all decompositionsisinglinear
submodel®nthe MNIST data
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7.7 The MFEAT dataset

TheMFEAT datasets againa handwrittendigit recognitiondatasetlt is usedin (Jain,
Duin andMao, 2000)asacomparisorof classificatioralgorithms.Thedatasetonsists
of 2000handprintedligits (200 per class)andthe correctclasslabels. Theraw image
datais not available,but six featuresetsareavailablewhich have beenextractedfrom

theraw data.Theseareasfollows:

e Featureset(1): 76 Fouriercoeficientsof thecharacteshapes,

Featureset(2): 216 profile correlations,

Featureset(3): 64 Karhunen-Loéw coeficients,

Featureset(4): 240pixel averagesn 2 x 3 windows,

Featureset(5): 47 Zernike momentsand

Featureset(6): 6 morphologicafeatures.

The featuresets2, 3, and 4 were usedin the experimentsin this thesissince
they representboth pixel-level information (pixel averages),image-lerel informa-
tion (Karhunen-Loée coeficients)andshapenformation (profile correlations).The
Karhunen-Loeée transformatioris alsoknown as principle componentinalysis(Jol-
life, 1986)wherethe componentvectorsin input space(the eigervectorsof the co-
variancematrix) thatrepresenthe mostvariationin the dataarefound, andthe datais
transformednto alower dimensionakpaceby projectingontothe componentectors,
removing the componentswith low variancethat are usually attributed to noise. Of
interest, Zernike momentsare describedin (Mukandanand Ramakrishnan,1998),
they representnomentsof 2-dimensionalmagesusinga polar co-ordinateransform.
Detailsof this datasets givenin (vanBreukelen,Duin, TaxanddenHartog,1998).

7.8 Comparison of local and global feature selection
using MLPs

An experimentsimilar to thatin Section7.6.2wascarriedout. The first 100 points
per classwere usedfor training andthe remaining100 points per classwereusedas
testpoints,andfor eachdecompositionthe classifierwastrainedusinga selectionof
p featurespothglobally andlocally. Thefraction p/n wasvariedwheren is thetotal
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numberof features.In this casetherewere 520 features. Featureswvere selectedoy
choosingthe bestp featuresaccordingto the class-dependemverlapmetricgivenin
Section6.3.

The MLP modelshadonelayerof inputnodespnelayerof 15 hiddennodesand
oneoutputnodeusinga sigmoidactivationfunction. Weightdecayregularisationrand
scaledconjugategradientswere usedto train the models. Unfortunatelydue to the
slow trainingtime for MLPs, eachpointonthegraphsepresenta singleclassification
value, and not an averageof mary valuesas before. This resultsin somevariance
betweerthe points,althoughthe desiredrendsaremoresignificantthanthis variation
andthegraphsstill serne asareliabledemonstration.

Theresultsarepresentedn Figures7.17,7.18,7.19,and7.20.

Effect of number of features selected for One-of-n classifier using MLP models
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Figure 7.17: Classificatiorrateusingglobalandlocal featureselectionusingMLP submodels
with aone-ofn classifieronthe MFEAT data

Again the classificatiorrateis shavn to be consistentlybetterfor a low fraction
of featuresselected Dueto theregularisationusedon the MLP models thereis little
likelihoodof overfitting andusingall the featuresdid not resultin poor classification
results. In factthe graphin Figure 7.20 shows that usinglocal featureselectionand
regularisedMLP modelsgivesa consistentlassificationrate acrosslarge and small
fractionsof featuresselected.
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Effect of number of features selected for Hierarchical classifier using MLP models
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Figure 7.18: Classificatiorrateusingglobalandlocal featureselectionusingMLP submodels
with a hierarchicaklassifieronthe MFEAT data

Effect of number of features selected for Pairwise classifier using MLP models
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Figure 7.19: Classificatiorrateusingglobalandlocal featureselectionusingMLP submodels
with a pairwiseclassifieron the MFEAT data
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Performance using local feature selection for MLP models
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Figure 7.20: Classificationrate using local featureselectionusing MLP submodelson the
MFEAT data

7.9 FLIERS data

TheFLIERS (FuzzyLandInformationin EnvironmentalRemoteSensing)arge-scale
agriculturaldatase{Hughes BastinandFisher 1998)is datacollectedfrom aremote
sensingsatellitefor usein land cover classification.The digital imagehasa resolution
of 0.5m,eachpixel representedy six differentspectraimeasurement® real-valued
inputs). Thereare27 classesvhich have beenselectedy field work ontheactualland
photographed Classmixture coeficientsaregivenin the original dataset.Only the
mostdominantclassfor eachpixel wasusedhere.

Several subgroupof classeshave beensuggestedhroughexpert knowledge of
the land cover. The methodsusedin this thesiswere usedto find a classhierarchy
Thisis thencomparedvith the expertgroupings.

The fourth andfinal classof experimentis simply to illustrate that the classhi-
erarchyin a hierarchicalclassifiercanaid problemunderstandingA classhierarchy
wasfoundautomaticallyusingthe agglomeratre clusteringprocedureandthenthisis
comparedvith the classgroupingsproposedyy ateamof experts. This experimentis
gualitatve andis intendedasa simpleillustrationthatthe classhierarchycanrepresent

theunderlyingproblem.
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Classlabel | Landcovertype | Classlabel | Landcovertype
1 Wheat 14 Cutsilage
Maize 15 Water
3 Oats 16 Buildings
4 Barley 17 Asphalt
5 Rape 18 Gravel
6 Set-aside 19 Concrete
7 Linseed 20 Deciduousvoodland
8 Broadbeans 21 Shrub
9 Potatoes 22 Tall herb
10 Beet 23 Coniferouswoodland
11 Grass 24 Lonedeciduougree
12 Re-seededrass 25 Maturehedge
13 Uncutsilage 26 Younghedge

Table 7.4: Classlabelsfor FLIERS data

Theclassepresenin the FLIERS datasefredetailedin Table7.4. The FLIERS
teamhave previously groupedseveral classegogetherby similarity accordingto ob-
senationsmadefrom field work and expertknowledgeof land cover types. A class
hierarchywas generatedirectly from the FLIERS datausing agglomertve hierar
chical clusteringwithout ary prior knowledge. The resultsshavn by the hierarchyin
Figure7.21demonstrata goodcorrelationbetweertheexpertknowledgeandthedata
drivenapproach.

Theclasssubsetsuggestethy theexpertsis shavnin table7.5. Theclasssubsets
suggestetby thealgorithm(amongsbthers)is shovn in table7.6. Thisshovsthatthe
subsetslerivedfrom finding the classhierarchycorrelatewell with the subsetslefined
by thefield experts. In this case,in the absencef field work it might be reasonable
to usethe groupingsfoundthroughthe automaticnethodasa basisfor understanding
the natureof thedata.

7.10 Conclusions

It hasbeenshavn empirically thatthe hierarchicalandpairwisemodelshave a strong
adwantageover the one-ofn decompositiorwhenusinglinear modelsor MLPs. This
is in accordanceavith thetheoryin Chapterd.

It hasalsobeenshavn thatfor bothlinearandnon-linearmodelsMLPs)thatlocal
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Similar classsubsets
Wheat,Oats,Barley

GrassCutsilage

ConcreteBuildings
Lonedeciduougree,Woodland
Maize, PotatoesBeet,Re-seededrass
Shrub,YoungHedge

Table 7.5: Expertsubgroupings

Similar classsubsets

Wheat,Oats,Barley

GrassCutsilage

Maize,PotatoesBeet,Re-seededrass
Shrub,Lonedeciduougree,Linseed,Tall Herb, YoungHedge

Table 7.6: Algorithm subgroupings

featureselectionresultsin a higher classificationrate than global featureselection.
This demonstratestrongevidencethat featuresare indeedclass-dependerand that
an adwantagecan be gainedthrough exploiting the class-dependematureof these
features.Theclassdecompositionparadigms shovn to beasuitablemethodfor using
class-dependefeatureslt shouldbenotedthatusinglocalfeatureselectiorwill mean
thetotal numberof featuresevaluatedoy theclassifierwill tendto behigherthanusing
global featureselection,but this canbe counteractedy using computationakut-off

for the hierarchicaldecomposition.

The resultspresentedn this chapterreflect the predictionsmadevia the the-
ory presentedn Chapter4 on multicategory classificationand Chapter6 on class-
dependenteatures. This is a strongconfirmationof the underlyingtheory and that
the fields of multicategory classificationand class-dependerieaturesare worthy of
investigationandfurther research.Conclusionsandkey ideasfor future work in this
areaarepresentedn thefinal chapter
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Figure 7.21: Classhierarchyfor FLIERS data



Chapter 8
Conclusions

In this thesisthetwo mainthemesof multicategory classificatiorandclass-dependent
featureshave beeninvestigatedwithin the field of statisticalpatternrecognition. To
addresshediversityof previousresearchn multicategory classificationa new taxon-
omy of multicategory classificationwas presentedhat bringstogethemary popular
multicategory classificatioralgorithmsusinga probabilisticframewvork. Equivalences
wereshovn betweendifferentalgorithmsundercertainassumptionsindthenthe dif-
ferencediscussedor realapplications.The algorithmswereinvestigatedn termsof
their scalabilityin the numberof classes.

Using the framework presenteda subsetf algorithmswasderivedthatdecom-
posea mary-classprobleminto submodeldoy partitioning the setof classconcepts
ratherthan partitioning the input spacedirectly. This then allowed class-dependent
featuresto be analysedin terms of subsetsof classesand the correlationbetween
featuresandclasseswithin definedsubsets.This leadsto the ideaof globalandlocal
featureselectionwhich hasbeenshavn to be beneficialwhenusingreal-world data.
Thesealgorithmswerealsoinvestigatedn termsof their ability to aid theunderstand-
ing of the underlyingmulticlassproblem. Theseissuesare discussedurtherin this
concludingsectionandavenuedor futurework arepresented.

8.1 Multicategory classification

The problemsidentified with previous researchn multicategory classificationwere
that therewas a diversity of techniques.Little researchexists in the inherentmul-
ticategory natureof classificationalgorithmssuchas k-nearesineighboursdecision
treeclassifierspairwisediscriminants andmulticategory formulationsof generalised
linear discriminants.Much researcthasconcentrate@n the 2-classproblem,but the

151
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issuesdbehindgeneralisinghisresearcho multicategory problemss oftenoverlooked.

Of the existing inherentmulitcategory classificationalgorithms, decisiontree
classifiersaandpairwisediscriminantsvereshaovn to vary considerablyn thedetailsof
theirdesignandin partheuristicavereusedo formulatethealgorithms.Classification
algorithmsthat usea one-ofn outputencodingwere shovn to addcompleity to the
multicategory problemunnecessarilgsthe numberof classesncreased.

In responséo thesessuesa new probabilisticframevork waspresentedn Chap-
ter 4 throughwhich mary popularmulticategory classificationalgorithmscanbe de-
rived. This wasachiezed by makingthe conditioningon theinput spaceR, andsetof
classesQ, explicit in the formulationof the posteriorprobabilitesandthenchoosing
to eitherpartitionR or Q. This allowed a distinctionto be madebetweermary-class
algorithmsthatcanbederivedfrom oneor the otherviewpoint.

A taxonomyof classificationalgorithmsthat clarified the differencebetweena
2-classclassifieranda multicategory classifierwasdefined andusingthe probabilistic
framewnork, mary popularmulticategory classificatiomnalgorithmswereplacedin this
taxonomy Popularclassifierssuchasthe k-nearesneighbourclassifier anddecision
tree classifierswere derived from the input spacedecomposition.The classdecom-
position was shavn to derive hierarchical,pairwise and one-ofn algorithms. This
clarifiesthe distinctionbetweerdifferenttypesof multicategory classifiersgspecially
the two distinct, but similar, hierarchicalparadigmswhich resultfrom eithermethod
of decomposition.

By assumingthe decompositiorof the setof classesa principled approachto
the combinationof 2-classclassifierswas given and the hierarchical,pairwise and
one-ofn decompositionsvereshowvn to be equivalentwhenthetrue class-conditional
densitiesareknown. However in reality, modelsneedto be trainedon finite dataand
theissueghatarisefor the class-decompositioolassifiersverealsoaddressedThis
is summarisedbelow.

8.1.1 Scalability and efficiencyof class-decompositiorclassifiers

Thethreetypesof classsetdecompositiongverecomparedn termsof their scalability
in the numberof classedor training and classification. The numberof modelsin

eachclass-decompositiois shovn to be k — 1 for the hierarchicalclassifier k for the
one-ofn classifier andk(k — 1) /2 for the pairwiseclassifier The numberof points
usedin training was shavn to be in the order of k? for the one-ofn and pairwise
models but significantlylessatklog, k on averagefor the hierarchicaimodel. A novel

and principled approachto improving the classificationcompleity of a hierarchical
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classifierwasgiven.

Thehierarchicaimodelis concludedo scalethe mostefficiently asthe numberof
classesncreasealthoughit suffersfrom the needto find the classhierarchy However,
the effort spenton identifying the classhierarchycan be reducedif flexible enough
modelsare usedfor eachsubmodel. Theseissueswere addresse@mpirically asde-
scribedin thefollowing section.

8.1.2 Support from experimentson simulated data

The averageclassificationrate for eachof the class-decompositioclassifierswas
evaluatedover a rangeof simulateddatasetsvith an increasingnumberof classes.
The algorithmswere shavn to behae as expectedon the simulateddatawhich had
a known statisticalstructureof Gaussiardistributed classpointsin a 2-dimensional
input space.

The one-ofn classifierwas shaovn to degradein classificationperformancefor
both linear and multi-layer perceptronsubmodels. The differencein classification
performancebetweena hierarchyfound using the agglomeratie designprocedure
andarandomhierarchywasalsoshowvn to be muchlesssignificantwhenusingMLP
submodelsThe pairwiseandhierarchicalklassifierwereshovn to performbestusing
linear models,andthe hierarchicalclassifierresultedin the highestclassificatiorrate
usingMLP submodelgor problemsof increasinghumbersof classes.

Experimentaverealso carriedout to shav the effect of parameteinitialisation
andthe numberof training cyclesneededor the class-decompositioclassifierausing
MLP submodels.The pairwiseandhierarchicalmodelswere shawvn to train slightly
fasterthanthe one-ofn decompositiormodel. Unfortunatelya morein-depthcom-
parisonwith a single multi-outputMLP classifierwas not undertalen, as the class-
decompositiortlassifiersareexpectedo train significantlyfaster

8.1.3 Futurework

After a detailedanalysisof multicategory classificationand more specificallyclass-
decompositiortlassifiersunexploredavenuedor futureresearctareidentified.

In asimilarveinto thereductionof thecomputationatompleity of ahierarchical
classifieduringclassificationit is known thatnotall themodelsin apairwiseclassifier
needto be evaluatedfor eachclassificationJiaandRichards,1998),andpossiblythe
numberof modelsin training canbe minimised. No principledmethodsfor doing so
have beenpresentedndthis would be a suitableavenuefor researchgiventhe good
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performanceof a pairwiseclassifier andthe disadwantagethatthe numberof models
increasesn the orderof k2.

Additionally, one significantmulticategory classificationalgorithmthat was not
includedin the taxonomyor the probabilistic formulation was the errorcorrecting
outputencodingclassifierof Dietterich and Bakiri (1995). It is strongly suspected
thatthis techniquewill fit into the class-decompositiodlassificationparadigmdueto
the binary natureof the submodeldearnt, and the discriminationof classesn their
entirety unlike input spacepartitioningtechniques Furtheranalysismight shedlight
onthe natureof this algorithmandits placein thetaxonomy

8.2 Class-dependenteatures

The problemsidentified in the field of class-dependerfeatureswere that although
thereis strong motivation for the use of class-dependerfeaturesin multicategory
classification,most notably hierarchicalclassification that it is a rarely cited field.
Previously researchedlgorithmsdo have the ability to selectdifferent featuresfor
differentclassesnamelyhierarchicaklassifierspairwiseclassifierdJiaandRichards,
1998), and the modularneuralnetwork of Oh, Lee and Suen(1999), but they have
beenresearchethdependentlyandneedto bedravn together A detaileddefinitionof
class-dependetriéatureis lacking; Oh, Lee and Suen(1999)arethe only researchers
to defineandusetheterm.

In responséo theseissuesa novel definition of class-dependeiféaturesjnclud-
ing the distinctionbetweenweak and strongclass-dependerie€aturess presentedn
Chapter6, motivatedfrom examplesfrom real-world data. The class-decomposition
paradigmfor multicategory classificatioris shovn to provide a strongframeavork from
which class-dependeffeaturesanbeexploitedin asimpleandelegantmanner Since
the submodelsf a class-decompositioolassifieroperateon specificsetsof classes,
this allows the class-dependemiatureof featureso be exploited by simply selecting
featuredocally for eachsubmodel.A metric for measuringhe dependencéetween
specificfeaturesand the classvariableis given, which is definedon the overlap of
the probability densitiesof that featuregiventwo specificsetsof classes.Again the
distinctionbetweenra hierarchicaklassifiethatpartitionstheinput spaceanda hierar
chicalclassifierthatpartitionsthe setof classess importantsincethe class-dependent
paradigmappliesmoresuccinctlyto thelatter.
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8.2.1 Support from experimentson real-world data

The class-dependerieaturemetric was usedto selectfeaturesfor submodelsn the
pairwise, hierarchical,and one-ofn multicategory class-decompositionlassifiersin
Chapter7.

Consistentlyacrossall typesof class-decompositiotiassifier andfor bothlinear
andnon-lineamodels thelocal featureselectionrmethodresultedin a higherclassifi-
cationratewhencomparedo a globalfeatureselectiormethodusingthesamenumber
of featuresat eachsubmodel.Whenusing multi-layer perceptrorsubmodelsg¢lassi-
fiersusinglocal featureselectionshavedlittle signof thedegradationof classification
performancevenfor low numbersof featuresselectegersubmodel.

8.2.2 Futurework

Althoughthedistinctionbetweerweakandstrongclass-dependef¢aturesvasmade,
no analysisof strong class-dependerfeatureswas attempted. It is expectedthat
for real-world problems,wherethe numberof classess large, that the likelihood
of needingstrongclass-dependereatureswill increase. This thesishaslaid down
the framework for further investigationand future work canbuild on this to develop
algorithmsthatusethe natureof strongclass-dependematurego their advantage.

In particular the numberof uniquefeaturesevaluatedby the eachcompleteclas-
sifier using local and global featureselectionneedsto be evaluated. Local feature
selectiormayinvolve theevaluationof morefeaturesn total duringclassificatiorthan
aglobalmodel.Howeverfor the hierarchicadecompositiora fraction of the submod-
els needto be evaluatedwhen using computationakut-off, reducingthe numberof
local featuresto be evaluated.lIt is alsothe casethatthe numberof submodelgo be
evaluatedfor the pairwise classifiermay be reduced. The combinedeffects of local
featureselectionand computationatut-off on the averagenumberof featuresevalu-
atedrequiresfurtheranalysis.This is importantfor applicationsvherethe evaluation
of a featureduring classificationcarriesan associateadost,andthe total costmustbe
minimised.

8.3 Inter pretability

An issuetouchedonin thisthesisis theinterpretabilityof trainedclassificatiormodels.
Modelsthataresaidto be interpretableare decisiontree classifiersandfuzzy classi-
fiersdueto thier ability to be outputin theform of rulebasesor humaninterpretation.
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A significantproblemwith this paradigmis thatfor complex problemsof mary classes,
therulebasecancontainmary rulesandbecomesounwieldythatthetransparengof
themodelis clouded.

Thehierarchicaklass-decompositiodassifieraddressethis problemandis de-
scribedasaninterpretableclassifierdueto:

e fewermodels,
e meaningfulclassgroupings,
e associatiorbetweerfeaturesandclassgroupingsand

e classhierarchydiagrams.

This modelhasan advantageover the otherclass-decompositioalassifierscon-
sidered(one-ofn and pairwise)if the understandingf the underlying problemis
important. This would in mary casegustify any extra effort requiredto learnthe
classhierarchy An importantsecondadwantageis that the size of the treeis fixed,
andthe numberof submodelgo beinterpreteds alwaysk — 1. Whenlinear models
areusedandthe numberof featuress reducedat eachsubmodeby class-dependent
featureselectionthenthis methodis similarto multivariatedecisiontreeclassification,
but with a fixed numberof multivariaterules.

Regardlessof the form of the submodelsthe classhierarchycanprovide anin-
sightinto the natureof the multicategory problem. This is demonstratefor a remote
sensingapplication. Although not demonstratedhe lists of featuresat eachnodein
the hierarchycanalsoprovide alevel of interpretability

8.4 Final conclusions

Thework in this thesishascontributedto the field of multicategory classificationby
bringing togethertechniquesn a global probabilistic framewvork. This allows the
equialenceof different paradigmsto be shovn. This then leadsto a framewnork
wherebyclass-dependeii¢atureanay be usedvia awell understoodnotivation. The
experimentakesultscomfirmthe predictionsmadeby thetheory shoving thatindeed
this is a consistenandwell-motivatedparadigm.Thereis alsomuchscopefor future
work in bothmulticategory classificatiorandclass-dependef¢atures.
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